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ABSTRACT
A d e t a i l e d  exper im enta l  in v e s t ig a t io n  of  the magnetic f i e l d
dependence of  the Knight s h i f t  has been performed in a monocrystal
of  w hite  t i n .  The measurements were made a t  l . 2 ° K  and in magnetic
f i e l d s  ranging from 10.5  to 16 .2  kG- The Knight s h i f t  is found
to o s c i l l a t e  a t  the de Haas-van Alphen frequency and in the range
- 7
of f i e l d s  in ves t ig a ted  e x h ib i t s  two periods of 3 x 10 and 
- 7  -15 *9  x 10 G . The values and angular  v a r i a t i o n s  of  these periods  
are  in s a t i s f a c t o r y  agreement w i th  the data on the t i n  Fermi 
surface  obtained from o ther  experiments and from a pseudopotent ia l  
c a l c u l a t io n  o f  the band s t r u c t u r e .  The magnetic f i e l d  dependence 
o f  the ampl itude o f  the o s c i l l a t i o n s  has been in ves t ig a ted  fo r  
both per iods.  The amplitude o f  the s h o r te r  per iod component 
increases and th a t  of  the longer per iod component decreases w i th  
increas ing  magnetic f i e l d .  The decrease in ampl itude o f  the 
longer per iod o s c i l l a t i o n  is a t t r i b u t e d  to the e f f e c t s  o f  magnetic 
breakdown. The observed ampl itudes are  in s a t i s f a c t o r y  agree­
ment w i th  the assumption th a t  the Knight s h i f t  o s c i l l a t i o n s  are  
due to  o s c i l l a t i o n s  in the ground s t a t e  wave funct ions  of  the  
c o n t r i b u t in g  e le c t ro n s  r a th e r  than o s c i l l a t i o n s  in the suscep­
t i b i l i t y  as has been p r e v io u s ly  suggested. Measurements o f  the 
de Haas-van Alphen s u s c e p t i b i l i t y  in the same sample used fo r
2the Knight s h i f t  measurements were performed and give f u r th e r  
support to th is  v iewpoin t  since the f i e l d  v a r i a t i o n  o f  the 
amplitude o f  the o s c i l l a t i o n s  in the s u s c e p t i b i l i t y  is d i f f e r e n t  
from the corresponding f i e l d  dependence o f  the o s c i l l a t o r y  
Knight s h i f t .
3I .  INTRODUCTION
In an e a r l i e r  note*  the r e s u l ts  of  a f i e l d  dependent study of  
the Knight s h i f t ,  a,  in a monocrystal  of t i n  were reported .  I t
was found tha t  above approx im ate ly  11 kG a e x h ib i t e d  e a s i l y  
observable o s c i l l a t i o n s  p e r io d ic  in r e c ip r o c a l  f i e l d .  The r e s u l ts  
o f  an extended in v e s t ig a t io n  o f  o in a monocrystal  o f  white  t i n  
a t  1 .2°K are  reported  here.
The major c o n t r i b u t io n  to a  comes from the hyp er f ine  i n t e r ­
a c t io n  of  the nuc lear  magnetic moment w i th  the spins o f  the 
e le c t ro n s  occupying s ta te s  c lose  to the Fermi l e v e l .  The 
d i f f e r e n c e  in the observed NMR frequency,  v, f o r  a given nucleus 
s i tu a te d  in a conductor and the f re e  atom frequency,  v , d iv ided  
by VQ ' 5 given e s s e n t i a l l y  by the magnetic s h ie ld in g  constant
- ^ - 2  = °  = ’  (1 )O
where F is the f r e e  energy,  H is the ap p l ied  magnetic f i e l d  and
is the nuclear  magnetic moment. In the l i m i t  o f  small  magnetic
f i e l d s  and con s id er ing  only  spin e f f e c t s  t h i s  expression may
be eva lua ted  to  f i r s t  order in n to  y i e l d  Townes, Herr ing  andn
2
Kn igh t 's  expression
c = (8n/3)xp< k ( 0 ) | 2>av J , (2)
f o r  the Knight s h i f t ,  where □ is the atomic volume and
I*
where X^ is the paramagnetic spin s u s c e p t i b i l i t y  o f  the conduction 
e le c t r o n s ,  and ( [ \ | r  (0 ) \ ^ ) gv is the average e le c t r o n  d en s i ty  a t  
the nucleus of e le c t r o n s  a t  the Fermi sur face .  Das and Sondheimer 
have eva lua ted  Eq. ( l )  inc lud ing  both the spin and o r b i t a l  moments 
of  the conduction e le c t ro n s  and obta in  fo r  f re e  e le c t ro n s
°  = (8 r t /3 i  (Xd + Xp) (3)
where is the diamagnet ic s u s c e p t i b i l i t y  of the conduction  
e le c t r o n s  due to t h e i r  o r b i t a l  motion in a magnetic f i e l d .  These 
authors then con jec tured  th a t  Eq. (3 ) would remain v a l i d  fo r  
the o s c i l l a t o r y  as w e l l  as the steady p a r t  of the s u s c e p t i b i l i t y  
and th a t  an o s c i l l a t o r y  Knight s h i f t  due to  o s c i l l a t i o n s  in the  
d e n s i ty  of  s ta te s  a t  the Fermi sur face  might be observable.
O s c i l l a t io n s  in a  from th is  e f f e c t  have been f u r t h e r  commented
k  5on by Kaplan and Rodriquez. These est imates  show tha t  the
Knight s h i f t  o s c i l l a t i o n s  a r i s i n g  from the v a r i a t i o n  of the
d e n s i ty  of  e l e c t r o n  s ta te s  should be observable in f i e l d s  of  the
order  of  3 x 10 gauss and a t  temperatures of  about 2°K.
A more d e t a i l e d  c a l c u l a t i o n  of t h is  e f f e c t  by Stephen^ shows
th a t  the major c o n t r i b u t io n  to  the o s c i l l a t o r y  component comes
from the diamagnetic  term in Eq. (3 ) and fo r  f re e  e lec t ro n s
the paramagnetic component has no o s c i l l a t o r y  terms. The
amplitude of  the o s c i l l a t o r y  diamagnetic  term is independent of
the ap p l ie d  f i e l d  and the paramagnetic term e x h ib i t s  o s c i l l a t i o n s
1/2fo r  p a ra b o l ic  energy bands increas ing  in ampl itude as H
5Using a g e n e r a l i z a t io n  o f  the e f f e c t i v e  mass approximat ion,
7
Dogolpolov and B y s t r i k '  a r r i v e d  a t  the same conclusions as 
Stephen concerning the f i e l d  dependence of  the ampl itude of  the
o s c i l l a t o r y  p a r t  of  o and show th a t  f o r  a chemical p o t e n t i a l
-13  Ifof order 10 J ergs and magnetic f i e l d s  of  order 10 gauss the
o s c i l l a t o r y  component should be o  ~  10 cr.
In a l l  o f  the above cons idera t ions  the o s c i l l a t o r y  component
is assumed to a r i s e  from the s u s c e p t i b i l i t y  f a c t o r  in Eq. (2)
w i t h  the wave func t ion  f a c to r  remaining independent of the app l ied
f i e l d .  The f a c t  tha t  in metals the conduction e le c t r o n  ground
s t a t e  wave funct ions are  not independent of  the ap p l ied  magnetic
f i e l d  has been the sub jec t  o f  much discussion in the past few
years in connect ion w i th  the i n t e r p r e t a t i o n  o f  experiments which
measure the var ious p ro p e r t ie s  of  the Fermi surface of  metals
and semiconductors, and e s p e c i a l l y  when the metal is e x h i b i t i n g
8 9magnetic breakdown. Recent ly  Glasser  has considered the f i r s t
order e f f e c t s  o f  the l a t t i c e  p o t e n t i a l  on the ground s t a t e  wave
funct ions (o f  e le c t ro n s  in m eta ls )  as a func t io n  of  magnetic
f i e l d  and has shown th a t  reasonable agreement w i th  the Knight
s h i f t  experiments can be obtained in t h is  manner fo r  s u f f i c i e n t l y
high magnetic f i e l d s .
Knight s h i f t  measurements on powdered samples o f  t i n  were
f i r s t  reported  by McGarvey and Gutowsky^ and l a t e r  by
11 12 Bloembergen and Rowland and then by Karimov and Schegolev.
The f i r s t  monocrystal  experiments were performed by Jones and
613
W il l iam s J who determined the an iso t ropy  o f  both the Knight s h i f t  
and the NMR l in e  width  in w h i te  t i n .  During the course of  t h e i r  
experiments a p r e l im in a r y  search fo r  the o s c i l l a t o r y  component 
o f  the Knight s h i f t  was c a r r i e d  out but no reproduc ib le  e f f e c t  could  
be determined over the ra th e r  l im i te d  f i e l d  range th a t  they  
in ves t ig a ted .
I I .  EXPERIMENTAL DETAILS
The sample was prepared from a z o n e - re f in e d  bar of  white  
t i n  obtained from Cominco Products Incorporated,  (quoted p u r i t y :  
99*9999$ ) .  The bar conta ined a large  c r y s t a l  which was cut  out ,  
or ien ted  and reshaped in to  a p a r a l l e lo p ip e d  approxim ate ly  
20mm x 17mm x 10mm. The te t ra g o n a l  ax is  was w i t h in  1° of  the 
normal to  the la rg es t  face.  Laue back r e f l e c t i o n  X - ray  photo­
graphs were used fo r  o r i e n t in g  the c r y s t a l  and c u t t i n g  and p lan ing  
was done by spark eros ion.  Although a l i g h t  ac id  etch ind ica ted  
th a t  the e n t i r e  piece was s in g le  c r y s t a l ,  X - ray  photographs were 
taken a t  severa l  points to  assure t h a t  the c r y s t a l  was not 
twinned. This piece was then cut in to  25 wafers of about the  
same thickness w i th  the [ 001] d i r e c t i o n  contained in the plane  
of the wafers and perpend icu la r  to an edge. I d e n t i f y i n g  marks 
were made on one of the surfaces of  the p a r a l l e lo p ip e d  before  
i t  was cut  so th a t  the wafers could be reassembled w i t h  the  
axes o r i e n t a t i o n  preserved.  The spark damage was removed by 
e tch in g  in 40$ hydroch lor ic  ac id  and 10$ n i t r i c  a c id .  The 
f i n a l  average s iz e  o f  the wafers was 17mm x 10mm x 0 . 3mm. These 
wafers were sandwiched together  in proper order w i t h  a 0 . 013mm 
th ic k  mylar  f i l m  placed between each of  them. Small q u a n t i t i e s
w
Cominco Products I n c . ,  Spokane, Washington.
7
8of  Q-dope were used on the inner  surfaces and a layer  o f  Q-dope 
was ap p l ied  on the outs ide  so tha t  the e n t i r e  sample would be 
strengthened.  The o v e r a l l  s i z e  of  the r e s u l t a n t  sandwich was 
17mm x 10mm x 9mm. This procedure increased the surface area  
and cut down the eddy c u r re n t  losses. The r . f .  c o i l  was wound 
from No. 3O m u l t is t ra n d  copper w ire  over a 0 .025  t h ic k  mylar  
sheet on a form of  the same s i z e  as the sample. The c o i l  was than 
s l ipped  over the sample fo r  making measurements. The c o i l  form 
made the c o i l  r i g i d ,  reduced the p o s s i b i l i t y  o f  s t r a i n i n g  the 
sample, and improved the Q o f  the o s c i l l a t o r .
The sample used in th is  exper iment is not the same as the 
one used p r e v io u s ly .^  However, i t  was cut  from the same zone-  
r e f in e d  bar which had a re s id u a l  res is tan ce  r a t i o  ( ^ ^ 0 0 ° ^ ^  2°K^ 
27 , 000. I t  was found th a t  the sample p r e v io u s ly  used was 
m isor ien ted  by approximate ly  10° which accounted fo r  the d isc rep ­
ancy between the observed periods and the periods shown in 
other  e f f e c t s .
A l l  measurements were made a t  1.2°K obta ined by pumping on
if
the He bath. The d e r i v a t i v e  o f  the r . f .  absorp t ion  w i th  respect
to  the f i e l d  vs ap p l ied  magnetic f i e l d  was recorded using a
15standard PKW o s c i l l a t o r  and l o c k - in  a m p l i f i e r  w i t h  f i e l d  
modulation. Data was recorded every  15 kc/sec between I 6 .5  and 
25*9 mc/sec which covered a f i e l d  range from 10.5 kG to  16 .2  kG. 
The procedure dur ing any given run was to set  the o s c i l l a t i o n  
f requency and sweep the magnetic f i e l d  over a 5 gauss range 
centered on the expected resonant f i e l d .  Each o f  the resonance
curves obtained in t h is  manner was then analyzed f o r  the center  
f i e l d  and changes in l i n e  shape. The l in e  shape and width  
(~ 1 .5  gauss) remained constant  w i t h in  exper imenta l  e r r o r  f o r  
a l l  data reported here.
I I I .  RESULTS
Two sets o f  o s c i l l a t i o n s  p e r io d ic  in re c ip ro c a l  f i e l d  were 
observed in most o f  the range in v e s t ig a te d .  The longer per iod is 
dominant a t  f i e l d s  around 11 kG whereas the sho rte r  per iod  
becomes dominant as the f i e l d  is increased.  In F i j .  1 long and 
short  per iod  o s c i l l a t i o n s  in  d i f f e r e n t  f i e l d  ranges a re  shown 
from which a growth of  the short  per iod ampl itude and a decay of  
long per iod ampl itude is e v id en t .  The inverse f i e l d  values  
versus in tegers  f o r  both per iods are shown in Fig. 2. A d e t a i l e d  
a n a ly s is  o f  the ampl itude of these o s c i l l a t i o n s  was c a r r i e d  out  
over the e n t i r e  range of  the magnetic f i e l d  and the o v e r a l l  
p r o f i l e  shows a s l i g h t  beat p a t t e r n .  One reason fo r  th is  is 
th a t  the sample was not in one p iece ,  but consis ted o f  many 
s in g le  c r y s t a l s  jo in e d  to g e th er ,  thus every  exper imenta l  po in t  
and curve represents  an average from a l l  o f  them. A po in t  by 
p o in t  study of the ampl itude was c a r r i e d  out a t  the maxima and 
minima of  th is  envelope in severa l  f i e l d  ranges and the re s u l ts  
are  shown in Fig. 3* The crosses represent  the ampl itude a t  
the po in ts  of  maxima and the c i r c l e s  a t  the minima of the over­
a l l  envelope. The average behavior  is ind ica ted  by the dotted  
and continuous curves,  r e s p e c t iv e ly .  The ampl itude of  the 
long period o s c i l l a t i o n s  decreases as the magnetic f i e l d  is
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increased,  whereas the short  per iod o s c i l l a t i o n s  show a continuous  
growth in amplitude w i th  increas ing  magnetic f i e l d .  Because of  
a wide s c a t t e r  of  these po in ts  no at tempt has been made to  f i t  
these curves to a power law o f  the form a -  (constant)  K^0 .
The angular  dependence o f  per iod and ampl itude were studied  
f o r  both long and short  per iod o s c i l l a t i o n s  in d i f f e r e n t  f i e l d  
ranges. The re s u l ts  o f  var ious runs are summarized in Figs.  k 
and 5* In Fig.  k  the dependence of  the per iod on angle  is 
depic ted fo r  both the short  and the long per iod o s c i l l a t i o n s  
whereas in Fig.  5 the average dependence of  the ampl itude on 
angle  fo r  these o s c i l l a t i o n s  is shown. I t  is ev ident  from Fig.  
k  t h a t  the long per iod decreases r a p id ly  as the angle  6 between 
the [ 001] d i r e c t io n  and the magnetic f i e l d  d i r e c t i o n  is increased.  
The short  per iod shews a less rap id  decrease. The l in e a r  f i t  
of the square of  the per iod o f  the long per iod o s c i l l a t i o n s  
versus Cos 9 (F ig .  6 ) ind ic a tes  a c y l i n d r i c a l  sur face  w i th  
a x is  along [ 001] g iv ing  r is e  to  the long period o s c i l l a t i o n s .
The average Knight s h i f t  d isp lays  an o v e r a l l  increase wi t h  
increas ing  magnetic f i e l d  as is shown in Fig.  7 . This type
lif 15
behavior  was a ls o  noted by Jones and W il l iam s ’ in a lower 
range o f  magnetic f i e l d .  Although the o v e r a l l  increase in o 
of  0 .015#  is ev id en t  in the extended f i e l d  range of  Fig.  7? 
i t  was not a n o t ic e a b le  e f f e c t  over the f i e l d  range necessary  
fo r  a few o s c i l l a t i o n s  o f  the Knight s h i f t  and, thus, was not  
taken in to  account in ana lyz in g  the amplitudes o f  the o s c i l ­
l a t o r y  components of  o.
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For purposes of comparison, measurements of the de Haas- 
van Alphen o s c i l l a t i o n s  in the m agnet iza t ion  were c a r r i e d  out on 
the same sample as th a t  on which the Knight s h i f t  measurements 
were made. The f i e l d  modulat ion t e c h n i q u e ^  was used and a 
s igna l  p ro p o r t io n a l  to the second d e r i v a t i v e  o f  the m agnet izat ion  
was recorded. A t y p i c a l  recorder t race  is shown in Fig. 8 .
When d e te c t in g  the second d e r i v a t i v e  o f  the m agnet izat ion  
o s c i l l a t i o n s  the ampl itude o f  the in d iv id u a l  o s c i l l a t i o n s  is
2 if -1
a t te n u a ted  by a f a c t o r  o f  (P. H ) , where P. is the per iod in
r e c ip r o c a l  f i e l d  o f  the i ^  o s c i l l a t i o n . ^  To obta in  the c o r re c t
f i e l d  dependence of  the m agnet iza t ion  the ampl itude must be 
2 km u l t i p l i e d  by P. H f o r  each p e r iod .  However, to  compare th is  
w ith  the Knight s h i f t  measurements the f i e l d  v a r i a t i o n  o f  the
s u s c e p t i b i l i t y  M/H must be obta ined.  This requ ires  a po in t  by
2 ^po in t  m u l t i p l i c a t i o n  o f  the ampl itudes by P. H . The per iods
were analyzed by standard methods and t h e i r  ampl itudes p lo t te d
2 3as a fu n c t io n  of  H a f t e r  being m u l t i p l i e d  by P. H and the 
r e s u l ts  shown in Fig.  9.
H 
(kG
)
d2 M / d H 2 (Arbitrary Units)
roo
AMPLITUDE (Arbitrary Units)
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IV. DISCUSSION
A. Comparison o f  Periods o f  O s c i l l a t i o n s
w i th  the Fermi Surface o f  T in
In th is  s e c t io n  the exper im enta l  r e s u l t s  of  Sect ion  I I I  a re
18compared w i th  the Fermi sur face  o f  t i n .  The two per iods observed,
5 - 9  x 10 1 and 3 x 10 ^ G  ^ fo r  the f i e l d  a long the [OOl]
d i r e c t i o n ,  a re  in agreement w i t h  per iods expected from the hole
o r b i t s  and 3 ^ ,  r e s p e c t iv e ly .  The 3&2 o r b i t  is on the knobs
of  the t h i r d  zone hole c y l in d e r s  which appear according to  the
19pseudopotent ia l  c a lc u la t i  on o f  Weisz o f  the band s t r u c t u r e  o f  Sn
and had p r e v io u s ly  been ascr ibed  to  the 5 M- e l e c t r o n  o r b i t s
e x i s t i n g  in the n e a r ly  f r e e  e l e c t r o n  model as given by Gold and 
18P r i e s t l e y .  The approximate c y l i n d r i c a l  nature  of  the c e n t r a l  
p o r t io n  o f  the t h i r d  band hole sur face  d e f i n in g  the  o r b i t
3&j is apparent  from the angu la r  v a r i a t i o n  o f  the longer per iod
2 2shown in Fig. k  and the p vs Cos 9 p l o t  o f  F ig.  6 . The 
angular  v a r i a t i o n  o f  the s h o r te r  per iod  Is less rap id  than the  
cosine (F ig .  h ) , suggest ing a convex su r face .  This is c o n s is te n t  
w i t h  the 36^ o r b i t  on the knobs o f  the t h i r d  zone c y l i n d e r s .  
According to t h is  i n t e r p r e t a t i o n ,  an ampl i tude maximum in the  
short  per iod  o s c i l l a t i o n s  is to  be expected a t  the magnetic
f i e l d  i n c l i n a t i o n  where the 36„ o r b i t  on the knobs co inc ides2
This maximum is probably  due to a mix ing of  the 2 
harmonic o f  one per iod  w i th  the fundamental frequency o f  the o th e r .
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w ith  the 3^^ o r b i t  centered a t  the po in t  X. As is shown in Fig.  
an in d ic a t io n  of  th is  between 4 0 °  and 5 0 °  from the [ 001] d i r e c t i o n  
is present .  Thus, the per iods obta ined from the o s c i l l a t o r y  Knight  
s h i f t  a re  in agreement w i th  tha t  expected from the Fermi surface
In th is  sec t ion  the observed ampl itude of the o s c i l l a t o r y  
parts  o f  the Knight s h i f t ,  cr, are compared to the t h e o r e t i c a l  
est imates of i t s  components as c a lc u la t e d  by var ious authors.
The most d e t a i le d  c a lc u la t io n s  o f  the s u s c e p t i b i l i t y  
co n t r ib u t io n s  t o  the Knight s h i f t  was done by Stephen.^ He 
c a lc u la te d  the exact  f re e  energy inc lud ing  the complete hyper f ine  
i n t e r a c t i o n  in the sc a le r  e f f e c t i v e  mass approximat ion and obtained  
the fo l lo w in g  expressions f o r  the paramagnetic and diamagnetic  
components of  a  :
o f  t i n .
B. Amplitude of the O s c i l l a t io n s
( -  1) °S i n ( ^ 2 —) Cos (■
1 /  2 -  .  L  / Prt | _ X n S i nh (t ~  kT)
H H
a
( " l ) n I (n) Cos(-2^ - )  S i n H — )
(5 )
An i n te g r a l  occurr ing  in Stephen s c a lc u la t io n s  o f  Is
in e r r o r  by a f a c t o r  of ( - 2 )  and has been correc ted  here.  For 
d e t a i l s  see Ref.  20.
2k
wi th
m2 1/3 *2 1 Wo
C = (9 it - p )  — -  , I (n) = J ds[s ( l - s ) ]  I s i n (nrts) |
V 2m'' o
where i s  the Fermi energy, k  the Boltzmann constant ,  T the
j j  Vc
absolu te  temperature,  m the e f f e c t i v e  mass of the c a r r i e r s ,  p
the e f f e c t i v e  Bohr magneton, N/V the d en s i ty  of the e lec t ro n s
tak ing  p a r t  in the in t e r a c t i o n ,  I ( n )  an i n te g r a l  expression which
21has been eva lua ted  num er ica l ly  by Glasser,  and H the magnetic
2 'V
f i e l d .  In the region of  i n t e r e s t  where n kT /uQH < 1, only the 
f i r s t  terms of  the sum in Eqs. (4) and (5 ) are  important.  In 
the l i q u i d  helium temperature range and in f i e l d s  o f  10 gauss
the amplitudes of  the f i r s t  terms are
(6 )
r  o m
6 n* vi
V - T Z T ' W  (7>
where 1(1)  =“ 0 . 3 .  P u t t in g  in values fo r  the c a r r i e r s  observed in
I*
t i n  shows th a t  in a magnetic f i e l d  o f  10 gauss,
/w “ *3 /v
a =** 10 J a , 
P d
and, hence, only need be considered. In there  is n e i t h e r  a 
f i e l d  nor a temperature dependence of the ampl itude.
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Dolgopolov and B y s t r i k '  re ta in ed  only  the Fermi contact  pa r t  
of the hyp er f ine  in t e r a c t i o n  in the i n t e r a c t i o n  Hamil tonian and 
obta ined an expression fo r  the o s c i l l a t o r y  p a r t  of  the Knight s h i f t  
in terms of  the lo ca l  curva ture  o f  the Fermi surface S. The ir  
r e s u l t  is
/H | Q a I
3ny5r W  I 2 >m
dpz
oo g j  / r  \
x £  ^  C o 5 [ ^  S K  ) ± f  -  2xnv] S i n [ ^ -
n=l n o o
wi th
x , T dS (e)i / \ nA , rtckT m
( > = — 7 T ’  ' S w _ a7 _  (8)sinh  nA oe
where S is the area o f  an extremal  sec t ion  of  the Fermi surface ,  m
1/2I t  is seen th a t  the ampl itude increases as H in th is  expression.
A numerical  es t im a te  o f  the amplitude is obtained by comparing
the above expression w i th  the o s c i l l a t i n g  p a r t  of the magnetic
22s u s c e p t i b i l i t y  This gives
3 3C S j c T V  •
Assuming the wave fu n c t io n  f a c t o r  to  be u n i t y  and constant .
3 , X P
For t i n  in a f i e l d  o f  10 gauss the la rg e s t  th is  can be is
- * 7
a  = 10 . For a p a rab o l ic  band t h e i r  r e s u l t  agrees w i th  Stephen's
a .
P
g
In the n ea r ly  f re e  e le c t r o n  approximat ion,  Glasser obta ins
an expression fo r  the o s c i l l a t o r y  p a r t  of  the Knight s h i f t  by 
expanding the f r e e  energy,  in powers of  the l a t t i c e  p o t e n t i a l
v a l i d i t y  of  th is  c a l c u l a t io n  is l im i te d  to two regions of magnetic
f i e l d :  ( l )  weak f i e l d s  where p. H «  V„, C >:> (2 ) high f i e l d so K K
where p H »  V„, Q »  MvJ and K 4 2K_ where K_ is the radius ofO l\ l\ r r
the f re e  e le c t r o n  sphere- O s c i l l a t o r y  behavior  is obtained only  
in the high f i e l d  l i m i t  w i th  the r e s u l t :
where K is a re c ip ro c a l  l a t t i c e  vec to r .  The
Where 5
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1 /2Thus the ampl itude of  the o s c i l l a t i o n s  Increases as H . The
r e s u l t  is a p p l ie d  to  the case of  an o r b i t  about a symmetry po in t  
on the zone boundary and the ampl itude o f  the o s c i l l a t i o n s  is
c u la r  sheet of  the Fermi sur face  as seen from the cen te r  of  the
to  an ampl itude of the observed magnitude.
The numerical r e s u l t s  of  a l l  the c a lc u la t io n s  are  summarized 
in Table I .  G las ser 's  c a l c u l a t io n s  g ive the best agreement w i th  
the observed va lue of  the ampl itude a t  10 gauss fo r  the case of  
t i n .  Stephen's est imates  based on diamagnetic  e f f e c t s  in the 
magnetic s u s c e p t i b i l i t y  a re  almost an order  of magnitude too  
sma11.
Since both the diamagnetic  s u s c e p t i b i l i t y  f a c t o r  and the
wave fu n c t io n  f a c t o r  g ive es t imates  o f  the ampl itude which are
w i t h i n  an order of  magnitude o f  the observed am pl i tude ,  the
f i e l d  dependence of the ampl itude must be considered to  f in d  the
g
major c o n t r ib u t in g  component. The theor ies  of  Glasser and
7 1 /2Dolgopolov and B y s t r i k 1 p r e d i c t  a H f i e l d  dependence fo r  the
o s c i l l a t i o n  ampl itude under normal c o n d i t io n s ,  i . e . ,  not con­
s id e r in g  the e f f e c t  of  magnetic breakdown. In Stephen's c a l ­
c u la t io n  the paramagnetic component is three  orders o f  magnitude
amp cr amp o ( *  Hc H) 1 / 26
( 11)3 / 2
where 6 is a band gap and Sq is the angular  ap e r tu re  of the p a r t i -
zone. For a va lue o f  SQ of  a few degrees t h is  expression leads
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TABLE I
Theory Ampli tude c a lc u la te dr a t i o  —r---------- 3—observed
1. Stephen' 6 . 8  x 10-6 1
7
2. Dolgopolov and B y s t r ik 10- 7 11+00
3 . Glasser k  x 10'
a.  See Ref.  6 .
b. See Ref.  7 .
c.  See Ref.  9-
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smal le r  than the diamagnetic  component, and has a f i e l d  dependence
1/2of H and the more dominant diamagnet ic o s c i l l a t i o n s  have no
f i e l d  dependence. E x p er im en ta l ly ,  however, the ampl itude is found
to  depend on the magnetic f i e l d .  In the case of the short per iod
~1 “ 1o s c i l l a t i o n  (3 x 10 G ) the ampl itude increases w i th  the magnetic 
f i e l d .  This ru les  out the p o s s i b i l i t y  of the o s c i l l a t i o n s  being  
due to o s c i l l a t i o n s  in the diamagnetic  s u s c e p t i b i l i t y .  However, 
a diamagnet ic c o n t r i b u t io n  to the wave fu n c t io n  f a c t o r  has not 
been examined. Further  support to  the argument tha t  the Knight  
s h i f t  o s c i l l a t i o n s  do not a r i s e  from the s u s c e p t i b i l i t y  terms 
is found from the m agnet izat ion  measurements. As can be seen 
from a comparison of  Figs. 3 and 9 the f i e l d  dependences o f  the 
amplitudes o f  o  and X a re  in opposite  d i r e c t io n s  f o r  the 36  ^
o r b i t  and o f  a d i f f e r e n t  power fo r  the 3 ^  o r b i t .
One e f f e c t  th a t  has not been included in any o f  the above
c a lc u la t io n s  is t h a t  of  spin s p l i t t i n g  of  the Landau lev e ls  in
-k r
a magnetic f i e l d .  For the f i e l d  d i r e c te d  along the LOOIJ ax is
there are  two neighboring o r b i t s  in the same p lane,  3^  and
On the fo u r th  band the £ o r b i t  is q u i t e  extended and the e le c t ro n s
do not remain p a r t i c u l a r l y  near any symmetry p o in t  in the zone,
thus one does not expect  these e le c t ro n s  to be c h a ra c te r iz e d  by
any p a r t i c u l a r  s or p ch a ra c te r  near the atomic s i t e s .  However,
on the 36 j  o r b i t  the e le c t r o n s  remain near the symmetry po in t
X and r e t a in  a large amount of  s ch a ra c te r .  In the presence of
A
The author is indebted to  W. G. Chambers f o r  suggesting  
t h is  mechanism.
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a s trong magnetic f i e l d  the Landau l e v e ls  may be s p l i t  i n to  spin  
up and spin  down s ta te s  causing an asym etr ic  d i s t r i b u t i o n  o f  the 
two spin s ta te s  a t  the Fermi l e v e l .  This type energy le v e l  
d i s t r i b u t i o n  is shown in Fig .  10 f o r  the 3 6  ^ o r b i t  having a 
l a rge  spin s p l i t t i n g  and fo r  the h Q o r b i t  w i th  a l a r g e r  e f f e c t i v e  
mass and, thus, sm a l le r  sp in  s p l i t t i n g .  Since the wave funct ions  
of  the e le c t r o n s  on the 3^  o r b i t  have a la rge  component o f  s 
c h a ra c te r  they should e x e r t  a la rge  in f lu en c e  on the contac t  
term o f  the hy p e r f in e  i n t e r a c t i o n  and as the magnetic f i e l d  
increases and the d i f f e r e n t  sp in  o r i e n t a t i o n s  pass through the  
Fermi l e v e l  t h is  in f lu en c e  w i l l  com ple te ly  reverse  s ign a t  the 
p e r i o d i c i t y  of  the de Haas-van Alphen per iod  f o r  the 3 6  ^ o r b i t .
This e f f e c t  would not present  a la rge  d i s t o r t i o n  in the m agne t iza t ion  
o s c i l l a t i o n s  since the major c o n t r i b u t io n  in these is  o f  a 
diamagnet ic  o r i g i n .
C. E f f e c t  o f  Magnetic Breakdown
The decrease in am pl i tude  o f  the component o f  a  having the 
longer  per iod  (3 6  ^ o r b i t )  w i th  increas ing  magnetic  f i e l d  is
g
a t t r i b u t e d  to  the e f f e c t  of  magnetic breakdown. In the absence 
of any s p in -o r b  i t  cou p l ing  the symmetry o f  the w h i te  t i n  l a t t i c e  
re q u i re s  the e x is te n c e  o f  degenerate energy bands a long the XL 
and XP l in e s  on the ( 1 1 0 )  face o f  the B r i l l o u i n  z o n e . ^ , ^ , ^ t 
This degeneracy is preserved only  a t  the p o in ts  X and L when 
s p i n - o r b i t  e f f e c t s  are  taken in to  account ,  leav ing  a ve ry  small
E n e r g y
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band gap between the t h i r d  and fo u r th  bands near the point  X. Thus, 
magnetic breakdown occurs a t  moderate f i e l d  s t rengths  and couples 
the 3^ j o r b i t  on the t h i r d  band to  the kaQ o r b i t  on the fo u r th  band.
The e f f e c t  of magnetic breakdown manifests  i t s e l f  q u i t e  
d i f f e r e n t l y  on cr from i t s  e f f e c t  on the s u s c e p t i b i l i t y  o s c i l l a t i o n s .  
Assuming, then, th a t  the Knight s h i f t  o s c i l l a t i o n s  are  indeed due 
to  o s c i l l a t i o n s  in the ground s ta te  wave fu n c t io n s ,  th is  behavior  
ind ic a tes  th a t  the wave funct ions  are  much more s e n s i t i v e  to the 
amount of  tunne l in g  occurr ing  dur ing breakdown than are  the 
s u s c e p t i b i l i t y  o s c i l l a t i o n s .  This is compatible w ith  the sp in -  
s p l i t t i n g  argument presented in the previous sec t ion  in which the 
o s c i l l a t i o n  ampl itude is very s e n s i t i v e  to the wave funct ions  
having a d e f i n i t e  symmetry. Breakdown would cause the 3 ^  e lec t ro n s  
to  lose t h is  symmetry as they tunnel in to  the kaQ o r b i t .
V. CONCLUSION
rw
None of  the theor ies  o f  o advanced so f a r  complete ly  ex p la in
the behavior o f  the Knight s h i f t  as a fu n c t io n  o f  ap p l ied  f i e l d  
q
in Sn. Glasser has obtained an expression fo r  the ampl itude of
e-w
a which depends on o s c i l l a t i o n s  in the ground s t a t e  wave funct ions  
of the c o n t r ib u t in g  e le c t ro n s  th a t  gives the c o r r e c t  ampl itude a t  
moderate f i e l d s .  However, h is  c a l c u l a t i o n  does not include  
magnetic breakdown e f f e c t s  which tend to  complete ly  dampen the 
o s c i l l a t i o n s  in a ra th e r  narrow f i e l d  range. For the observed
o r b i t  th a t  does not exper ience breakdown e f f e c t s  the observed
~  9f i e l d  dependence of O' d i f f e r s  from tha t  p red ic ted  by Glasser,
but never the less  increases in ampl itude w i th  increased f i e l d .
Measurements of the de Haas-van Alphen e f f e c t  on the same
sample as the Knight s h i f t  measurements were performed ru le  out
the p o s s i b i l i t y  of  o simply being a r e s u l t  o f  m agnet izat ion
o s c i l l a t i o n s  in the sample.
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APPENDIX I 
A d d i t io n a l  Experimental D e ta i l s
A. General Considerat ions:
The rad io - f requ ency  magnetic f i e l d  which is used to  e x c i t e  the
resonance in the nuc lear  system induces eddy curren ts  in the sample
which reduce the p e n e t r a t io n  in to  the sample to  a depth of  the 
order  o f  the sk in la y e r .  This makes the study of  NMR in metals  
d i f f i c u l t  in two ways when the dimensions o f  the sample are large  
in comparison w i th  the ra d io  frequency sk in  depth: ( l )  I t  reduces
the working volume o f  the substance, thereby reducing the t o t a l  
number o f  spins p a r t i c i p a t i n g  in the resonance. (2 ) I t  makes 
the resonance absorp t ion  depend not on ly  on the imaginary p a r t ,
X", o f  the dynamic s u s c e p t i b i l i t y  X = X 1 ~ i X" as is the case 
w i t h  n o n -m e ta l l i c  compounds, but a ls o  on i t s  re a l  p a r t  X * • In 
f a c t  the q u a n t i t y  X' determines the skin  depthj as X1 increases  
the skin  depth is reduced, thus reducing the absorpt ion  of  energy 
in the sample. E x p er im en ta l ly  the ex ten t  to which X 1 determines  
the absorpt ion  is m ani fes t  in a d i s t o r t i o n  o f  the shape o f  the 
absorpt ion  l i n e .  The most r e a d i l y  observable measure of  the
d i s t o r t i o n  o f  the l i n e  is the r a t i o  o f  the amplitudes o f  the
extrema o f  the d e r i v a t i v e  of the absorpt ion  l i n e .  In order to 
minimize these e f f e c t s  the usual p r a c t i c e  is to make the sample 
e i t h e r  in powder form or in the form o f  t h in  f o i l s  insu la ted
3^
35
from each o ther  so t h a t  a t  leas t  one dimension of  the specimen is
sm al le r  than the rad io  frequency sk in  depth. This procedure gives
a s u b s ta n t ia l  f i l l i n g  f a c to r  and makes absorpt ion  p ro p o r t io n a l  only
to  Xn- For experiments w i th  s in g le  c r y s ta ls  i t  is not possib le  to
o b ta in  the sample in e i t h e r  the powder or the f o i l  form. Instead,
s a t i s f a c t o r y  r e s u l ts  are obta ined by prepar ing  the s in g le  c r y s t a l
sample in the form o f  th in  wafers and sandwiching them together
w i th  th in  layers  o f  i n s u la t in g  m a t e r ia l  between them.
Although the thickness of  the wafers in the t i n  sample was
much g re a te r  than the rad io  frequency sk in depth, only a small
d i s t o r t i o n  o f  the NMR s igna l  was observed in the ac tua l  e x p e r i -
25ments. This is in agreement w i th  the f ind ings  o f  R e d f ie ld  in
12aluminum and copper,  of  Karimov and Shchegolev in powdered t i n ,
1^and of  Jones and W i l l iam s in a t i n  s in g le  c r y s t a l .  I t  was noted
12by Karimov and Shchegolev th a t  f o r  resonant c i r c u i t s  of  low Q, 
the c o n t r ib u t io n  of  x 1 to the observed absorpt ion  may be q u i te  
sm al l .  This is probably the case w i th  metals when the c o i l  of  
the o s c i l l a t o r  tank c i r c u i t  is wound on the specimen i t s e l f .
Another reason f o r  th is  observed discrepancy from the p r e d ic t io n s
o f  the c l a s s i c a l  theory may be, as has been noted by A l le n  and
26Seymour, th a t  anomalous sk in  e f f e c t  con d i t io ns  p r e v a i l  p a r t i a l l y  
or w hol ly  a t  low temperatures where the p e n e t ra t io n  depth of  the 
rad io  frequency f i e l d  is comparable w i th  the mean f re e  path o f  
the conduction e le c t r o n s .  C la s s ic a l  p re d ic t io n s  o f  absorpt ion  
s ig n a ls  which are  too small  and d i s t o r t i o n  which is too la rge  do 
not seem to  be a p p l ic a b le  in the NMR experiments a t  low temperatures.
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In o ther  words, the a c tu a l  NMR skin depth seems to  be much la rge r  
than the one pred ic ted  by c l a s s i c a l  theory.
In order to take in to  account the shape o f  the sample we
must consider  the demagnetizat ion f a c t o r  D which can have any
27value between zero and one. This has been done by Y a fe t  ' and 
28Hebborn who w r i t e  the s h ie ld in g  constant  in the form
a = l f * { l  -  D)x
where X is the diamagnetic  s u s c e p t i b i l i t y .  In order to  include  
the demagnet izat ion e f f e c t s  in the o s c i l l a t o r y  Knight s h i f t  one 
has to m u l t i p ly  by (1 -  D) the ampl itude f a c t o r  of the c a lc u la te d  
diamagnetic term. The geometry of the wafers was chosen in such 
a way th a t  D was very small  when the magnetic f i e l d  was p a r a l l e l  
to the symmetry ax is  of  the c r y s t a l .  However, when the wafers are  
sandwiched together  w i th  in s u la t in g  m a t e r ia l  between them, the 
demagnet izat ion f a c t o r  c e r t a i n l y  increases.  Anyway, even i f  we 
regard the whole sample as a s in g le  metal b lock,  (even though i t  
may not be r i g h t  to  do so since the coupling between the var ious  
wafers cannot be p e r f e c t ) ,  the geometry of the sample was such 
than D was about 1 /2 .  To make D sm a l le r ,  the number o f  wafers  
which are stacked together  should be sm al le r  but i t  would r e s u l t  
in a small  f i l l i n g  f a c t o r  g iv ing  a sm al le r  s igna l  to  noise r a t i o  
and reducing the s e n s i t i v i t y  o f  observat ion .  The sample geometry 
was a good compromise between D and the sample f i l l i n g  f a c t o r .  
Moreover, i t  was considered, w h i le  decid ing on the sample geometry,  
th a t  D does not change much when the magnetic f i e l d  is ro ta ted  
around to make angular  s tud ies .
37
B. D escr ip t ion  o f  Equipment:
15The d e te c t in g  c i r c u i t  was a Pound-Knight-Watkins marginal  
o s c i l l a t o r  w i th  high Q, vo l tage  s e n s i t i v e  diodes su b s t i tu te d  fo r  
the mechanically  v a r i a b l e  c a p ac i to r  in the tank c i r c u i t  of  the 
o s c i l l a t o r .  This was done to minimize in c id e n ta l  noise and to  
a l lo w  frequency v a r i a t i o n  to  be vo l tage  c o n t r o l le d .  The Q. of
the var icaps used was between 200 and 3^0. The vo l tage  input to
29the var icaps was obtained from a modif ied T ek tro n ix  Type 162
30waveform generator .  In Fig.  (11) is shown the c i r c u i t  diagram
of the power supply which was used to  feed the waveform generator .
A c i r c u i t  diagram o f  the complete rad io  frequency o s c i l l a t o r  is
3 1given in Fig.  (12 ) .  A high pass f i l t e r  network was introduced  
in the sample c o i l  c i r c u i t  of  the o s c i l l a t o r  in order to  cut  down 
induct ive  pickup from the modulation c o i l s  which were mounted 
d i r e c t l y  over the po le -p ieces  of the magnet. This a d d i t io n  
al lowed high gain to be used in the audio a m p l i f i c a t io n  stages
w ithout  s a tu r a t in g  the a m p l i f i e r s .  The automatic  gain c o n t ro l
32c i r c u i t  o f  the o s c i l l a t o r  was modif ied and low noise tubes 
were s u b s t i tu te d  in the r . f .  and audio a m p l i f i c a t i o n  stages.  
General purpose germanium diodes were s u b s t i tu te d  fo r  e le c t r o n i c  
tube diodes.  Germanium diodes as d e te c to rs ,  w h i le  n o is ie r  than  
vacuum tubes, do not in troduce spurious and v a r i a b l e  dc output .
To minimize microphonic pickup and r . f .  leakage in the c i r c u i t ,  
the o s c i l l a t o r ,  r . f .  ampl i f i  er, d e tec to r  and audio  a m p l i f i e r  stages  
were b u i l t  in w e l l  sh ie lded  compartments o f  the chasis and lead 
lengths were reduced to  a minimum. A l l  t h is  c a r e f u l l  a t t e n t i o n
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to  layou t ,  s h ie ld in g ,  decoupl ing,  and r i g i d  c o n s t ru c t io n  resu l ted  
in a s ta b le  opera t ion  o f  the o s c i l l a t o r .  Care was taken not to  
in troduce any ground loops and the e n t i r e  c i r c u i t  was grounded a t  
only  one p o in t  of  the chas is .  The hea te r  c u r re n t  to the vacuum 
tubes was supplied by f r e s h l y  charged 6v b a t t e r i e s  and low-pass 
f i l t e r s  were inser ted  in each o f  the two leads from the b a t t e r y .
A l l  o f  these precaut ions re s u l te d  in q u i t e  good s e n s i t i v i t y  fo r  a 
wide range of  r . f .  v o l ta g e .  The s e n s i t i v i t y  of  the o s c i l l a t o r  
versus r . f .  amplitude was checked w i th  a c a l i b r a t o r  c i r c u i t  of  
W a t k i n s ^  which is shown in Fig. ( 13) a f t e r  the sample was in 
p lace ,  but the c a l i b r a t o r  was disconnected dur ing the course of  
the measurements. I t  was found th a t  b e t t e r  s e n s i t i v i t y  could be 
obta ined in the NMR measurements using the two la rg e s t  feedback  
r e s i s t o r  a t  which r . f .  o s c i l l a t i o n s  could be smoothly mainta ined  
w ithout  any motorboat ing occurr ing .  The s ig n a l  to  noise r a t i o  was 
found to depend on the r . f .  l e v e l  a t  which the o s c i l l a t o r  operated.  
The r . f .  l e v e l  was ad justed  fo r  maximum s ig n a l  to  noise r a t i o  
during the course o f  the measurements.
With some m o d i f ic a t io n s  in the feedback c i r c u i t ,  the marginal  
o s c i l l a t o r  has been used to  d e tec t  quantum o s c i l l a t i o n s  o f  the 
high frequency surface re s is ta n c e -^  a t  r e l a t i v e l y  low magnetic  
f i e l d s .  Some changes are  needed in the c i r c u i t  fo r  the s t a b i l i ­
z a t io n  and re g u la t io n  of the ampl itude which, as a consequence, 
r e s u l t  in an increase in the s e n s i t i v i t y  of  the threshold  o s c i l l a t o r .  
Strong feedback is requ ired  to  m ain ta in  the o s c i l l a t i o n  ampl itude  
over a wide range of  the magnetic f i e l d .  For th is  purpose a
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standard a m p l i f i e r  can be introduced in the feedback network.
In o rder  to  see i f  the NMR c i r c u i t  used in the present  e x p e r i ­
ment was in any way s e n s i t i v e  to  the sur face  impedance o s c i l l a t i o n s ,  
the magnet ic  f i e l d  was swept over a range o f  500 gauss around a 
f i e l d  va lue  o f  about 12.0 k i logauss  and about 200 gauss a t  13 
k i logauss a t  l i q u i d  helium temperatures .  No signs o f  such an 
e f f e c t  were observed w i t h i n  the accuracy o f  our measurements.
Thus there  was no p o s s i b i l i t y  o f  the c e n te r  o f  the NMR l i n e  being  
in f luenced  by the su r face  impedance o s c i l l a t i o n s  so as to  g ive  
r i s e  to  a spurious e f f e c t  which had noth ing to  do w i t h  the r e a l  
Kn i ght shi f t .
The sample was a t ta ch ed  to a sample mounting assembly a t  
the end o f  a 1 / 2  inch o .d .  s t a i n le s s  s t e e l  tube ex tend ing  in to  
the helium dewar. The sample mounting assembly is shown in 
Fig. ( 1 4 ) .  A number 28 copper w i r e  was passed through the tube 
c o a x i a l l y  and was held  r i g i d l y  in  p o s i t io n  by t e f l o n  spacers  
and t h in  ceramic s leeves .  This  assembly formed the t ransm iss ion  
l i n e  connect ing the tank c o i l  to  the remainder o f  the o s c i l l a t o r  
and a l s o  served as a support  f o r  the sample in the dewar. A l l  
mounting was done to  min im ize  the s t r a y  capac i tance  w h i le  keeping  
the  Q o f  the c i r c u i t  as high as p o s s ib le .  The o s c i l l a t o r  was 
mounted a t  the top o f  the sample ho lder  and a r i g i d  connect ion  
was used to  connect the r . f .  l i n e  to  the o s c i l l a t o r .  The base 
o f  the o s c i l l a t o r  chasis  was made heavy and was shock mounted to  
avoid  mechanical v i b r a t i o n s  causing microphonic pickup.
In Fig .  (15) is shown a b lock  diagram o f  the e n t i r e  measuring  
system. The constant  d . c .  magnetic  f i e l d  was modulated a t  a
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frequency o f  3OO cps w i th  an ampl itude o f  about o n e - t h i r d  of a
gauss peak to  peak. This was as c e r ta in e d  by a standard pickup c o i l
inser ted  at  the p o s i t io n  of  the sample. The modulation c o i l s  were
29fed by a Hewlet t -Packard  aud io  o s c i l l a t o r  through a McIntosh 75 
29power a m p l i f i e r .  The audio output  o f  the r . f .  o s c i l l a t o r  was
29fed to  a p h a s e -s e n s i t iv e  de te c to r  o f  standard design (EMC -  Model
RJB). To have proper l in e  shape the t o t a l  t ime to sweep through
the NMR l in e  was kept severa l  t imes the t ime constant  used in
the l o c k - i n - a m p l i f i e r .  The p h a s e -s e n s i t iv e  de tec to r  fed a Moseley 
29X-Y recorder  which p l o t t e d  the d e r i v a t i v e  w i th  respect to  the
magnetic f i e l d  o f  the NMR absorpt ion  l i n e  on the Y -a x is ,  the X -ax is
being d r iven  by a vo l tage  from the magnet sweep u n i t  which was
p r o p o r t io n a l  to  the swept-over  magnetic f i e l d .  The frequency of
the o s c i l l a t o r  was measured using a Hewlet t -Packard  model 52^5 L
29E le c t r o n ic  counter .  The magnet used in the experiment  was a
29Magnion Model L - I 58 , 15" la b o ra to ry  e lectrom agnet .  I t  was 
capable of  g iv in g  a f i e l d  up to  26 k i logauss .  To ob ta in  a good 
magnetic f i e l d  s t a b i l i t y  the s p e c ia l  fea tu res  of the magnet were 
a s t a t io n a r y  f i e l d - r a t e  sensing c o i l  and a r o t a t i n g  c o i l  f i e l d  
sensor.  The short  and long term magnetic f i e l d  s t a b i l i t i e s  were
re s p e c t iv e ly  one m i l l ig a u s s  (1 to  100 seconds) and one p a r t  in
£
10 o f  the o p e ra t in g  f i e l d  (100 seconds to  60 m in u tes ) .
C. Data Recording and Analysis :
119The magnetic f i e l d  was c a l i b r a t e d  in terms of  the Sn 
resonance in a sa tu ra ted  s o lu t io n  of  SnCl^ in concentrated HC1, 
w ith  a 0 .1  molar a d d i t io n  o f  MnCl^. To ob ta in  the metal  resonance,
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the approximate p o s i t io n  of the absorpt ion  l in e  was c a lc u la te d  
from the known p o s i t io n  of  the resonance l in e  in the s a l t  s o lu t io n  
and the approximate va lue of  the Knight s h i f t  in t i n  meta l .  A f t e r  
f in d in g  the metal resonance, the t rue  l in e  was recorded by s lowly  
sweeping the magnetic f i e l d  in a small  range about the center  o f  
the l i n e .  The frequency of  the o s c i l l a t o r  was changed in steps 
o f  about 15 kc/s  and the l in e  was p l o t t e d  by s lowly  sweeping the 
magnetic f i e l d  over a range of  about 5 gauss around the resonant  
f i e l d  a f t e r  i t  was ad justed  to the r i g h t  va lue f o r  a given frequency.  
The shape o f  the l i n e  was almost always reproduc ib le  w i t h in  e x p e r i ­
mental e r r o r j  however, th is  was an important f a c t o r  in th is  
exper iment .  G enera l ly ,  the l in e  d id  not show any d i s t o r t i o n  due 
to  eddy c u r r e n t  loss, and the r a t i o  of  the extreme p o s i t i v e  va lue  
B to  the extreme negat ive  va lue A o f  i t s  d e r i v a t i v e  was about
0 . 7 . Reference here is made to  Fig.  (16)  where the d e r i v a t i v e  of
the NMR absorpt ion  l in e  w i th  respect  to  the magnetic f i e l d  Is 
shown.
Due to  the large  degree of  symmetry in the observed absorpt ion
curve and since the l i n e  shapes were almost unchanged w i t h in  the
accuracy of our measurements, no d i r e c t  at tempt  was made to  apply  
any c o r r e c t io n  f o r  the s h i f t  in the cen te r  o f  the l in e  due to  
eddy c u r re n t  loss.  This c o r r e c t io n  would be only a small  f r a c t i o n  
of  the t o t a l  l i n e  width  of  the observed s ig n a l .
The l in e  widths of  the observed s igna ls  as determined by the 
p o s i t io n s  of the extrema o f  the l in e  d e r iv a t iv e s  were measured 
and p l o t t e d  as a fu n c t io n  o f  the re c ip ro c a l  magnetic f i e l d  H.
i+7
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In t h is  p l o t ,  there  was an in d ic a t io n  of  weak o s c i l l a t i o n s  which 
were not very w e l l  developed throughout the whole range o f  the 
magnetic f i e l d  in v e s t ig a te d .  At places where these o s c i l l a t i o n s  
showed up w i th  some c l a r i t y ,  the maximum est imated ampl itude is 
about O.3 gauss.
Though no d i r e c t  c o r r e c t io n  was ap p l ied  to  the s h i f t  o f  the 
cen ter  of  the l in e  due to  eddy c u r re n t  loss, i t  was correc ted  
by s h i f t i n g  the base l in e  to  a p o s i t io n  which would make the 
amplitudes of  the extrema o f  the l in e  d e r i v a t i v e  equ a l ,  thus 
b r in g in g  the apparent cen te r  c lo s e r  to  the t rue  cen te r  of  the 
absorpt ion  l i n e .  Taking in to  account a l l  what has been said
above, the maximum d e v ia t io n  o f  the l in e  cen te r  from i t s  t rue
<4 14p o s i t io n  would be about 20 j> o f  the l i n e  w id th .  Since the
v a r i a t i o n  in the l in e  width in the e n t i r e  range o f  the magnetic
f i e l d  is about O.3  gauss and since 0 . 3  X 0 . 2  = 0.06 gauss is
smal l  as compared w i th  the exper im enta l  e r r o r  (about 0 . 1  gauss),
no s i g n i f i c a n t  e f f e c t s  in the nature and ampl itude o f  the Knight
s h i f t  o s c i l l a t i o n s  are  produced when t h is  c o r r e c t io n  is not
taken in to  account.
F ie ld  c a l i b r a t i o n  marks were made a t  i n t e r v a ls  of  one gauss
w h i le  p l o t t i n g  the NMR l in e s .  The frequency,  which was kept
constant  dur ing the sweep and which was accurate  to about one 
5
p a r t  in 10 , was read d i r e c t l y  a t  three d i f f e r e n t  po in ts  o f  the  
sweep corresponding r e s p e c t iv e ly  to the approximate p o s i t io n s  of  
the maximum, c e n te r ,  and the minimum of  the l i n e  d e r i v a t i v e .  The 
average of  these th ree  values was used as the cen te r  f requency in
^9
the c a l c u l a t io n s .  To obta in  the f i e l d  corresponding to  the l in e  
ce n te r ,  the f i e l d  c a l i b r a t i o n  was p l o t t e d  on the same sheet of  
graph paper on which the l i n e  had been t raced p r e v io u s ly .  The 
cen ter  o f  the absorpt ion  l i n e  was taken midway between the po s i t io n s  
of the maximum and minimum o f  i t s  d e r i v a t i v e .  The f i e l d  corresponding  
to  the cen te r  of  the l in e  was then read d i r e c t l y  from the l in e a r i z e d  
sweep sca le .
For the purpose o f  comparing the magnetic f i e l d  dependence 
of  the ampl itude o f  the Knight s h i f t  o s c i l l a t i o n s  w i th  the  
dependence on magnetic f i e l d  o f  the ampl itude of  the magnetic  
s u s c e p t i b i l i t y ,  measurements o f  the de Haas van-Alphen su s cep t i ­
b i l i t y  were c a r r i e d  out on the same sample which was used fo r  
the Knight s h i f t  measurements. These measurements were made 
using the f i e l d  modulation t e c h n i q u e ^  and a s ig n a l  p ro p o r t io n a l  
to  the second d e r i v a t i v e  o f  the m agnet iza t ion  was recorded. This 
s ig n a l  was induced in a 70 tu rn  c o i l  placed around the sample 
a f t e r  being wound on a form as in the Knight s h i f t  measurements.
The magnetic f i e l d  was a p p l ie d  along the [0 0 1 ]  d i r e c t i o n  o f  the  
c r y s t a l  and the ax is  of the p ick -up  c o i l  was a ls o  in the same 
d i r e c t i o n .  The magnetic f i e l d  was modulated a t  a frequency o f  
135 cyc les  per second w i th  an ampl itude o f  3 . 5  gauss peak to  peak.
The s ig n a l  a t  270 cycles which was p ro p o r t io n a l  to  the second 
d e r i v a t i v e  o f  the m agnet iza t ion  of  the sample w i th  respect  to  the 
magnetic f i e l d  was recorded using a p h a s e -s e n s i t iv e  d e te c to r  and 
Mosely X-Y recorder .  The s ig n a l  a t  135 cycles per second was 
a mix ture  of two s igna ls :  (1) The s igna l  a r i s i n g  from the f i r s t
d e r i v a t i v e  of  the m agne t iza t ion ,  and ( 2 ) the d i r e c t  p ick -up  from
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the modulat ion f i e l d .  This s igna l  was very strong and was f i l t e r e d
out using a I 35 cyc le  tw in -T  f i l t e r  in the input c i r c u i t  of  the
p h a s e -s e n s i t iv e  d e te c to r .
M agnet iza t ion  o s c i l l a t i o n s  were very w e l l  developed and
could be seen w i th  f u l l  c l a r i t y  s t a r t i n g  a t  f i e l d s  as low as 1
k i logauss .  Since the de Haas van-Alphen e f f e c t  is an average
e f f e c t  over the whole sample, i t  ind ica tes  th a t  the sample was in
a very good c o n d i t io n ,  the wafers were w e l l  o r ie n te d  w i th  only a
sm al l ,  i f  any, degree of  misal ignment.
As pointed out in Section I I I ,  the ampl itude of  an in d iv id u a l
2 b -  1o s c i l l a t i o n  of per iod P. is a t tenuated  by a f a c t o r  (P. H ) in 
the second d e r i v a t i v e  d e te c t io n  method. This can be seen as 
fo l lo w s .  Let the magnetic f i e l d  be w r i t t e n  as
H ( t ) = Hq + h S i n tut ,
where Hq is the ap p l ied  d .c .  magnetic f i e l d  and h Sin t o t  is the 
modulat ion f i e l d ,  h being i t s  ampl itude and t o  the frequency.  The 
m agnet iza t ion  may be w r i t t e n  as
M = M Sin(2r t /P . H( t ) )  = M Sin f { t )  ,0 1  o
where f ( t )  = 2rt/P. H ( t ) .
The modulation f i e l d  v a r ie s  the m agnet iza t ion  by changing  
the phase of the Sine term and every harmonic component o f  the 
modulat ion frequency has an o s c i l l a t o r y  dependence on the inverse  
f i e l d  fo r  a given de Haas van-Alphen per iod .  W r i t in g
f ‘ ( t )  = 2n/P. ( -H '  ( t ) / H S ( t ) )  -  ,
' H ( t )
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f " { t )  ~  - 2 * / P .  ^  = g *  t o  j j l n ^  ,
' H2 ( t )  Pi H2 ( t )
f ( t )  = P. (H +h" S i n cot) "  0  “ H~ Sin *i o i o
e t c . ,  we have
4 - 0 .
o St
2 rt
P.H2
i o
)co Cos 2jtP.H i o
S i n cot -  (h 2n
P.H2 i o
\ 2  2 ..) a> Sin 2itP.Hi o
Cos 2cot
+ {h 2tC ) (^jd2 Cos2 tot Sin cut + . . .
P. H i o
where we have used the approximat ion
r 2rt h Sin cotn _  , . r 2ji h Sin cut-i ^  2n h S i n c o t
os [ p7 h H ]  l > S in [0  h 1 pT h H--------I O O I o o t o o
fo r  smal_l ampl itude of  the modulation f i e l d  h. The s igna l  a t  the 
second harmonic o f  the modulation frequency is
C (h - ^ r ) 2to2 S i n ( ~ ~ ) ]  Cos 2rut .
P.H2 Pi Hoi o
Thus f o r  the de Haas van-Alphen period P . ,  the ampl itude is
2 If - 1at tenuated  by the f a c t o r  (P. Hq ) . To o b ta in  the c o r r e c t  ampli
tude o f  the m agne t iza t ion ,  the observed ampl itude va lue  must be
2 4m u l t i p l i e d  by P. Hq fo r  each de Haas van-Alphen per iod  P . ,  pro­
vided small  ampl itudes of  the modulation f i e l d  have been used in 
the d e te c t io n  o f  the de Haas van-Alphen e f f e c t .
APPENDIX I I 
The Fermi Surface of  Tin
The Fermi surface o f  w h i te  t i n  has been studied by severa l  
in v e s t ig a to r s  using d i f f e r e n t  methods, e . g . ,  de Haas van-Alphen
e f f e c t , ^  s ize  e f f e c t ,  35*36 ga lvanomagne 11 C e f f e c t s ,  magneto -
39-41 42 -44aco ust ic  e f f e c t s ,  and c y c lo t ro n  resonance, e t c .  The
re s u l ts  have g e n e r a l ly  been i n te rp re te d  in terms of  the near ly
18f re e  e le c t r o n  model presented by Gold and P r i e s t l e y .  This is 
sketched in Fig.  (17)*  Most of  the a c tu a l  Fermi surfaces of  t i n  
are  recognizable  d i s t o r t i o n s  of  th is  model. The p re d ic t io n s  of  
t h is  model are as fo l lows:
The f i r s t  zone is e n t i r e l y  f i l l e d  and the second and t h i r d  
ones n ear ly  so, except fo r  two small  pockets of  holes centered on 
the po in ts  W in the second zone and a m u l t i p l y  connected network  
of c y l i n d e r s ,  co n s is t in g  of  holes,  in the t h i r d  zone. In the  
fo u r th  zone the Fermi sur face  is one of  two sheets and consis ts  
o f  a s in g ly  connected sur face  4 (b )  formed by the i n te r s e c t io n  of  
a p a i r  of  e l e c t r o n  "pancakes" along the T  XP (1 10 ) - type  planes;  
t h is  surface is surrounded by a region of  unoccupied s ta tes  which 
is in turn  bounded by the m u l t ip ly -c o n n ec ted  sur face  4 ( a ) .  The 
f i f t h  zone has two e l e c t r o n - 1 ike sur faces ,  the f i r s t  co n s is t in g  
of v e r t i c a l  c y l in d e rs  centered on T, and the second a large  
m u lt ip ly -c o n n ec ted  sheet,  u s u a l ly  thought of as c o n s is t in g  of
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"pears"  and "connecting p ieces" .  The tapered end of  a "pear"  near  
the p o in t  W is  c a l l e d  the t i p ,  and the f l a t  end the top. The top 
is roughly square, w i th  i t s  edges along the ( lO O)- type  d i r e c t io n s .  
The "connections"  are  centered on the p o in t  V, and extend in the  
( lO O ) - d i r e c t io n s  to  connect a top-up pear w i th  a top-down pear.
The ir  c ro s s -s e c t io n  is in the shape o f  a fo u r -p o in te d  s t a r ,  w i th  
the d is tance  between the points  narrowing in th e  d i r e c t i o n  of  the 
pear t i p  to  which they are  a t tached .  F i n a l l y ,  there  are the 
s i x t h  zone e le c t ro n s  which are contained in a c igar-shaped piece  
around the p o in t  V, and in four  c igar-shaped pieces centered on 
the points K, s t a r t i n g  near the p o in t  W and extend ing toward the 
corners o f  the pear tops.
The surface of  zone 4 ( a )  d iv ides  the B r i l l o u i n  zone in to  two 
p a r ts .  Accord ingly ,  every  o ther  surface should be located as a 
whole e i t h e r  in an i n te r n a l  or in an e x t e r n a l  p a r t .  The surfaces  
of  zones 3 ar>d 4 (b )  l i e  ins ide  the zone 4 ( a )  w h i le  zones 5 an^ 6 
l i e  on i t s  outs ide  — between the layers of the sur faces of  zones 
4 ( a )  in the repeated zone scheme.
Band s t r u c t u r e  c a lc u la t io n s  of the w h i te  t i n  l a t t i c e  were 
24made by M. Miasek using the OPW method. In these c a lc u la t io n s  
the va lue  o f  the parameter V ( 0 ) ,  space average o f  the c r y s t a l  
p o t e n t i a l ,  was ad justed  so as to  cause the zone- 5  sur face  to  
e x i s t  in the neighborhood of the p o in t  T. In th is  re ference  
i t  was pointed out th a t  the hole surfaces in zone 2 should not  
e x i s t .  A l l  o ther  conclusions were in  f a i r  agreement w i th  the  
f r e e - e l e c t r o n  model of Gold and P r i e s t l e y . ^  Recent ly  G. W e i s z ^
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has made band s t r u c t u r e  c a l c u l a t io n s  o f  w hite  t i n  l a t t i c e  using
a pseudopotent ia l  approach. According to  t h is  c a l c u l a t i o n ,  the
c r y s t a l  p o t e n t i a l  m odi f ies  the n ea r ly  f r e e  e le c t r o n  surfaces  as
fo l low s:  The zone 2 hole surface a t  the p o in t  W disappears.  In
zone 3, the hole c y l in d e rs  extend ing from W are  destroyed,  leav ing
only the c y l in d e rs  along the XP l in e s  which are n e a r ly  o f  the
shape o f  a dog's bone w i th  an extended c e n t r a l  s e c t io n ,  nea r ly
c y l i n d r i c a l  but not e x a c t ly  a sur face  of  r e v o lu t io n ,  near the
po in t  X. In zone 4 ,  e le c t r o n s  are  introduced along T  H near W,
so th a t  there is a region,  c a l l e d  the "neck", connecting the
e le c t ro n s  of  4 (b )  w i th  the e le c t ro n s  outs ide  4 ( a ) .  In zone 5 j
the c ig a r  around T  d isappears,  and the pear-network  remains
e s s e n t i a l l y  unchanged. In zone 6 the p iece around the p o in t  V
disappears,  w h i le  the " c ig a r s "  near the po in ts  W are amalgamated
in to  a v e r t i c a l  shape o f  square c ro s s -s e c t io n  w i th  s l i g h t  prongs
in the d i r e c t io n s  of  the o r i g i n a l  " c ig a r s " .  In these c a l c u l a t io n s ,
the data which is used in the dete rm in a t ion  o f  the f i t t i n g
parameters, is taken in most p a r t  from the c y c lo t ro n  s i ze-
e f f e c t  experiments o f  Gantmakher. ^
In Fig.  (18) a basal  c r o s s -s e c t io n  o f  the Fermi sur face  of  
45t i n  is shown. Magnetic breakdown connects o r b i t  to  o r b i t
4a£ to  generate  the f r e a k - o r b i t  ( i ) .  This a l t e r a t i o n  in the
18o r b i t  geometry was suggested by Gold and P r i e s t l e y .
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APPENDIX I I I  
T h e o r e t ic a l  D e ta i ls
A. General Considerat ions:
As is known, the major c o n t r ib u t io n  to  the Knight s h i f t
comes from the hyp er f ine  i n t e r a c t i o n  o f  the nuclear  magnetic
moment w i th  the spins of  the e le c t ro n s  which occupy s ta te s  c lose
to  the Fermi sur face .  The degeneracy between the e lec t ro n s  of
opposite  spin th a t  share the same o r b i t a l  s t a t e  is resolved by
a magnetic f i e l d .  In a metal t h is  causes a r e d i s t r i b u t i o n  of
e le c t ro n s  between the two spin o r i e n t a t i o n s  thus genera t ing  a
magnetic moment. The p o s i t i v e  magnetic moment gives r i s e  to  the
Pauli  paramagnetism. This spin s u s c e p t i b i l i t y  is a d i r e c t  measure
of  the d en s i ty  o f  s ta te s  a t  the Fermi l e v e l .  This paramagnetic
c o n t r ib u t io n  may introduce o s c i l l a t o r y  terms in the Knight s h i f t
due to  the fa c t  th a t  the d en s i ty  of  e le c t r o n  s ta tes  a t  the Fermi
le v e l  is an o s c i l l a t o r y  fu n c t io n  of  the inverse magnetic f i e l d .
This view p o in t  has been adopted by severa l  authors to es t im a te
the o s c i l l a t o r y  behavior  of  the Knight s h i f t  as a fu n c t io n  of
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the magnetic f i e l d .  Rodriguez in p a r t i c u l a r  has emphasized 
the importance of these o s c i l l a t i o n s  in the Knight s h i f t  
measurements.
In a d d i t io n  to  th is  p o s i t i v e  paramagnetic s h i f t ,  the con­
duction e le c t ro n s  may a ls o  produce a diamagnetic  s h i f t  in the
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opposite  d i r e c t i o n  as a consequence o f  t h e i r  o r b i t a l  motion in a 
magnetic f i e l d .  This o r b i t a l  motion produces the diamagnetic  
c o n t r i b u t io n  to  the magnetic s u s c e p t i b i l i t y .  O s c i l l a t o r y  terms 
may a r i s e  in the Knight s h i f t  through th is  c o n t r ib u t io n  due to  
the q u a n t i z a t io n  of  the e le c t r o n  o r b i t s  in a magnetic f i e l d .  
Stephen^ has made a d e t a i l e d  c a l c u l a t i o n  of  th is  e f f e c t  and has 
emphasized the o b s e r v a b i l i t y  of these o s c i l l a t i o n s  in the Knight  
s h i f t .
9
G lasser ,  on the o ther  hand, takes the view p o in t  th a t ,  
according to  the r e l a t i o n  ( 2 ) ,  the behavior  o f  the Knight s h i f t  
is j u s t  as s e n s i t i v e  to the v a r i a t io n s  in the wave fu n c t io n  
f a c t o r  as i t  is to  the v a r i a t io n s  in the magnetic s u s c e p t i b i l i t y .  
Since most o f  the simple metals are  n ea r ly  f r e e - e l e c t r o n - l i k e ,  
the wave fu n c t io n  d isp lays  a f i r s t  order  dependence on the 
l a t t i c e  p o t e n t i a l  whereas the s u s c e p t i b i l i t y  has only a second- 
order  dependence. Thus in a s i t u a t i o n  where l a t t i c e  e f f e c t s  
are important,  the wave fu n c t io n  d i s t o r t i o n  may w e l l  be dominant 
in  d e te rm in in g  the behavior  of  the Knight s h i f t .  Such a 
s i t u a t i o n  appears to  be presented by the p o ly v a le n t  meta ls .
I f  the Fermi surface cons is ts  of  smal l  pockets o f  e le c t ro n s  
or holes,  i t s  nature  may be s t r o n g ly  a f f e c t e d  by even moderate 
v a r i a t io n s  in the magnetic f i e l d ,  w i th  profound consequences 
f o r  the corresponding wave funct ions  and the Knight s h i f t .
In th is  sec t ion  a review of the theor ies  of  the o s c i l l a t o r y
6 9Knight s h i f t  given by Stephen, G lasser ,  and Dolgopolov and Bystr  
is presented. G las ser 's  theory seems to  e x p la in  the magnitude
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of  the e f f e c t  q u i t e  s a t i s f a c t o r i l y .  We include Stephen's theory
in our discussion since t h is  is the on ly  c a l c u l a t io n  to date of
the diamagnet ic o s c i l l a t o r y  terms which com parat ive ly  comes close
to  the observed e f f e c t  in t i n ,  as f a r  as the magnitude of  the Knight
s h i f t  o s c i l l a t i o n s  is concerned. Stephen's c a lc u la t io n s  do not
bear any dependence on magnetic f i e l d  of  the o s c i l l a t i o n  amplitude
and thus lack in form at ion  in th is  respect .  The c a lc u la t io n s  of
Dolgopolov and B y s t r i k '  p r e d i c t  an ampl itude of  the o s c i l l a t i o n s
in t i n  which is o f  about the same order of  magnitude as is obtained
by Stephen's^ c a l c u l a t io n s  o f  the paramagnetic p a r t  and is f a r
too small  compared w i th  the observed e f f e c t .  These authors
included only  the Fermi con tac t  p a r t  of  the i n t e r a c t i o n  between
the conduction e le c t ro n s  and the nucleus in t h e i r  i n t e r a c t i o n
Hamil ton ian .  The s e m i -c la s s ic a l  c a l c u l a t i o n ,  which they have
employed, is a s l i g h t  g e n e r a l i z a t io n  of  the e f fe c t iv e -m a s s
approximat ion c a l c u l a t i o n  g iven  by Stephen^} the e f fe c t iv e -m a s s
has been expressed in terms o f  the loca l  curva ture  o f  the Fermi
sur face .  In f a c t ,  f o r  the sp e c ia l  case o f  a p a ra b o l ic  band,
t h e i r  r e s u l t  f o r  the o s c i l l a t o r y  p a r t  of the Knight s h i f t  agrees
e x a c t ly  w i th  Stephen's r e s u l t  f o r  the paramagnetic o s c i l l a t o r y
p a r t  o .
K P
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The c a l c u l a t io n s  o f  Rodriguez are  not much d i f f e r e n t  than 
Stephen's in t h e i r  nature  and w i l l  not be included here. This 
c a l c u l a t i o n  p r e d ic ts  an ampl itude o f  the Knight s h i f t  which is 
only s l i g h t l y  sm al le r  in magnitude than the observed one, but i t  
f a i l s  to  meet the exper im enta l  observat ion  fo r  the f i e l d  dependence
6o
o f  the o s c i l l a t i o n  am pl i tude .  tn the s i t u a t i o n  o f  magnetic break­
down, the Knight s h i f t  d is p la y s  an a l t o g e t h e r  d i f f e r e n t  f i e l d  
dependence as may be expected on the basis  of  the paramagnetic  
suscepti  b i 1 i ty .
8 . Hami l ton ian  o f  the E le c t r o n - N u c le a r  System:
The Ham il ton ian  JC o f  a n u c le a r - e l e c t r o n  system in the presence
of  a magnetic  f i e l d  H taken a long the z - d i r e c t i  on can be w r i t t e n  
46as
K  = K  + X  + X  +  v ( r ) , e en n >
where
e 2Hp 2. 2 
* Bn = [ - §  <En - L) ♦  — f
Ar anc r
16*  S ’ ^n 3 (S* r )  (u • r )
+ t T W  5 6 ( r ) - a ^ 0C— 3--------------------5------------ Ur ~>
m = mass o f  an e le c t r o n  
S = spin o f  an e l e c t r o n
= Bohr magneton
e = charge o f  an e l e c t r o n
p = e le c t r o n  momentum operator
L = r  x g is  the o r b i t a l  angular  momentum opera tor  fo r  the
e le c t r o n
= magnetic moment o f  the nucleus 
2jtfi = P lanck ‘ s constant
c = v e l o c i t y  o f  l i g h t  in f re e  space
A = vector  p o t e n t i a l  from which the e x t e r n a l  magnetic f i e l d
is der ived .
In the above K  is the conduction e le c t r o n  p a r t  of  the e r
Hamil ton ian .  3C represents the e lec t ro n -n u c le u s  i n t e r a c t i o n  en r
terms which can be d iv ided  in two parts:
5C = K  + K  
en d p
2 p e2 H p 2, 2
Kd -  7 3  fen- y  ♦ — - r"r 2 me r
represents the diamagnetic  p a r t ,  and
S * u 3 (§* r )  (u • r )
—  tin- 5 8 <r> •------------  5----------!r  r J r
represents the paramagnetic p a r t  of the e lec t ro n -n u c le u s  i n t e r ­
a c t io n  and depends on the spin o f  the e l e c t r o n  S. The f i r s t  p a r t
o f  is the Fermi contact  i n t e r a c t i o n  Hamil tonian and gives a 
P a
major c o n t r ib u t io n  to the Knight s h i f t .  The second p a r t  is
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respons ib le  to  the s o - c a l l e d  a n i s o t r o p i c  Knight s h i f t  and vanishes  
f o r  cub ic  c r y s t a l s .  represents  the Zeeman i n t e r a c t i o n  between
the nucleus and the e x t e r n a l  f i e l d  and determines the bas ic  NMR 
resonance f requency.  V ( r )  is the p e r i o d i c  l a t t i c e  p o t e n t i a l .  In 
the p resen t  d iscus s io n ,  terms in  represen t  the most important  
p a r t  in the Ham i l ton ian .
C. Stephen's  Theory;
k lLet us consider  the express ion
■ v % .  .  I
1 n=0 n * '
03 / .. \ n 
= S  En t .
n=0 nl  1 '
= e " YEi ( 1)
where JC11 = E? v|r represents  o p era t ions  of  the Hami l ton ian  K  on 
the wave fu n c t io n  i | r .  n t imes.  Here \ | f . 's are  the normal izedi i
e igen  func t io ns  o f  J i w i t h  the corresponding e igen  values E . .
Then
Z f  i * ( r )  e ^  ( r ) d T. i -  i -t
= S. e y E i f  \|r. i ] f .  d Ti J i i
= L.  e YE' = Z (y ) (2)
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where Z(y )  is the p a r t i t i o n  fu n c t io n  o f  the system. Here y = ^  
where k is Boltzmann constant  and T is the absolu te  temperature  
and dT = d r  is the element o f  volume. We have
Z(y)  = J ^ j ( r ) e  ^ K T | f .  ( r ) d T
= J ^(r^r^vJdT (3)
where we d e f in e  the d en s i ty  m a tr ix  ^ ( r ' , r , y )  as fo l lows:
Y ( r ' , r , y )  = E.\|r? ( r ‘ J e " ^ .  ( r )  (4)
D i f f e r e n t i a t i n g  w i th  respect  to  y ,  gives
= L. i|r" ( r 1) e j ( r )
= K y ( r ' , r , Y )  (5)
Since K. operates only on . ( r ) -  Equation (5)  represents the
d i f f e r e n t i a l  equation s a t i s f i e d  by T. We a ls o  have
Y ( r ' , r , 0 ) = Z . ^ * ( r l ) H . { r )  = 6 ( r - r ' )  (6 )
which is the c o n d i t io n  o f  completeness of  the system of  wave
funct  i ons i|/. .
To c a l c u l a t e  the o s c i l l a t o r y  terms, Stephen^ included both 
the diamagnetic  and paramagnetic terms in the i n t e r a c t i o n  Hamil tonian
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w ith  m replaced by m , the e f f e c t i v e  mass o f  the e le c t r o n .  Thus
V - r > = - s i *1  > § 7  - 4 ) + (7>
r 1 3n c r
Kp(r) = «j,(r)S2 = V n 6(-r)Sz + 2 “ cf1n (:2L y ^ ,Sz (8)
where x,  y, z are  rec tangu la r  components of r .
The d en s i ty  m a t r ix ,  or propagator ,  can be w r i t t e n  in a 
gen era l ized  form as
where
q / \ r 0 fo r  x < 0 
6 M  = £ 1 f o r  x >  1
is the step fu n c t io n .  The propagator  Eq. (9)  s a t i s f i e s  the 
equa t i on
+ ^ ( r i ) ) Y ( r i ^ r 2 ^ y i~ y 2 ) = 6 ( r i - r ^ ) 6 (y i - Y 2 ) • (10 )
I f  K  is replaced by in Eq. (1 0 ) ,  the s o lu t io n  is the
Green's func t ion  G(r r ^ Y j - y ^ )  which is given by
G( l l * r 2 ^Y1- Y 2 ) = e t Y j - Y ^ E j ^ t r ^ e ' ^ f ^ ^ o  + .  ( r x) (11)
and s a t i s f i e s  the ap p ro p r ia te  boundary co n d i t io n s .  In terms of
the Green’ s fu n c t io n ,  the s o lu t io n  of  Eq. (10) is 
^ ( r ^ r ^ Y j - Y g )  = G^ p r 2>Y1- Y 2 )
- J dr'dy'Gtr^ r '^ j -Y ’ )K' (i;1 )Y(r 1, r^y'-Yg) (12)
where JC’ = 3C .en
In the present  d iscussion,  we only req u i re  the p a r t  o f  the  
p a r t i t i o n  func t ion  which is l i n e a r  in the ap p l ie d  p e r tu r b a t io n .
To ob ta in  th is  we replace Y by G under the in te g r a l  sign in Eq. (12)  
and wr i te
Z 1(y) = J Y( r , r , y ) d r
= -  J dr J d r 1d y 1G ( r , r ' , Y"Y1)^ '  ( r 1)G( r ' , r,y)  (13)
I f  we i n te g r a te  over the spin v a r i a b l e s ,  then Eq. (9) can be 
w r i t t e n  as, fo r  y > 0 ,
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i P HY - y [ 3t  -  — K  ]
+ -  e °  E . \ | r ' j  ( r ) e  °  P vjr. ( r )
In v iew o f  Eq. (13) th is  leads to  a separa t ion  of  the p a r t i t i o n  
fu n c t io n  in to  the diamagnet ic and paramagnetic par ts :
-u Hy I-lHY 
Z . ( y )  = -  ^ ( e  + e °  ) J d y 1 J dr dr
G ( r , r ' , y - Y ' )  K  ( r  ' ) G ( r ' ,  r ,  Y 1 )
hy p hy
Zp (y) = “ g(e  °  -  e 0 ) J d y 1 J dr dr ‘
G (l> I ' j Y"Y ' )  2 ( - 1 ^ y 1 ) •
P u t t in g  Y 1 = Ys> we obta in
Zd (y)  = -  Y Cosh (pQHy) J ds J* dr dr '
G ( r , r * , Y ( l - s ) )  K  ( r ' )G ( r 1, r ,  ys)  ( 15)
Z (y) = 2 Y SInh (m-qHy) J ds J dr d r '
G ( r ,  r 1, y ( l - s ) ) 3Cp ( r ' ) G { r ' , r , y s )  (16)
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The Green's func t io n  in Eqs. (15) and (16) is the d en s i ty  m a t r ix  
fo r  a spin less  e l e c t r o n  in a uni form magnetic f i e l d  which has been 
eva lua ted  by Sondheimer and Wilson and is given by
*  3 / 2  M- Hv„ / 1 \ / m \ o T
G ( r , r ' , Y )  = (------5 )
2n^2 Sinh (pqHy)
■v >
x exp [  ( 2 i ii ' H y t x y ' - y x ' )
2 ^ Y  °
+ ^ H y  Coth (p ^ H y )L (x -x 1) 2 + ( y - y 1) 2 + ( z - z 1) 2 } ]  . ( I T )
S u b s t i tu t in g  Eqs. (8 ) and ( 17) in Eq. (16) we f in d  tha t  the second 
term of  Eq. (8 ) vanishes i d e n t i c a l l y  and the remaining term y ie ld s  
on in te g r a t io n  the r e s u l t
3 / 2  . , / 0  Sinh (u Hy)
Zn M  ^   V —  ■ <18>
P 3 0 n 2rth 0 Sinh Ci 'HY)
Again, s u b s t i t u t i o n  of  Eqs. ( 7 ) and ( 17) in to  Eq. ( 15) leads to  
an i n t e g r a l  of  the form
J dr d r 1 (—— ^ ” — ^ —) expL-a2! (x-x ‘ ) 2+(y-y ‘ ) 2}]  
r 1
x exp [ - 62 ( z - z ' ) 2 ] , ( 19)
where 62 = m / 2 |^2Ys ( 1- s ) ,
2 Sinh ( i^Hy)
Q? =  -
2^2 Sinh (^qHys) Sinh Cm-0 *^Y(1 “ s )3
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ii^
Here we have used the approximat ions Sinh M-qHYs ^ H y s ,
Cosh ^  1, e tc .
I t  is convenient to in te g r a te  Eq. (19) over the volume con-
2 2 2 2 2 2 2 ta ined w i t h in  the e l l i p s o i d  or x + or y + 6 z = 8 , al though
the f i n a l  r e s u l t  is independent o f  the shape o f  the system. The
sca le  t rans fo rm at ion  c*x -* x ,  ory -* y,  6z -* z turns th is  e l l i p s o i d
in to  a sphere and br ings Eq. (19) in to  the form
^  ;  dr d r ' ( V 3 > “ P [ -  (-r '-r ' > ^  ' (20)
o r  (6 x 1 +6 y'  +cr z 1 ) 3
Keeping r 1 f i x e d ,  we i n te g r a te  over a l l  angles of r w ith  respect  
to  r 1 by choosing the ax is  o f  r along r ' .  This gives
4rt26 /  Sin3 6 ' r-R 2 . rR . 2 . ,
I  d6 2 „ . . . 2 :  r  d r  I  r dro?  o ( S ^ i n ^ ' + a ^ C o s 2©1 ) 3 / 2  o o
X  e x p ( - r 2- r ' g) [ Sinh < f r '> + S i n h ( g r r ' )  -  C o s h J g r r^ J  . (21 )
r r 1 2 r r '  r ' 3
2 2The f i r s t  in t e g r a l  gives (or >  6 )
^  ^  in . ( SS,
62 (<r2- 62) (=r2- 6S) 3/ 2
The r a d i a l  i n te g r a l  may be s i m p l i f i e d  by in te g r a t in g  the l a s t  term 
by par ts  (on i n t e g r a t i n g  Cosh 2 r r ' ) .  This cancels the f i r s t  two
terms and gives
f 2 , , 2 \ / ,  t Sinh 2 rR\J Qr dr e x p ( - r  ) ( 1  -  exp ( -R  ) — ^  ) .
1 1/2In the l i m i t  o f  R -* %  thi  s gi ves g jt . C o l l e c t i  ng, we obta i  n 
f  i na 1 ly
*  3 / 2  2 YV 2  Cosh (u Hy)
z A y )  = K H)
d °  n Sitfi °  Sinh (p^tty)
X J ds s ( l “ s ) t ( A - l ) “ 1-A - 1/ 2 ( A - l ) " 3 / 2  l n [ A 1/ 2+ ( A - l ) 1 / 2 ] }  (23)  
o
where
p “ H y s ( l - s )  Sinh (p"Ky)
A =  2   2_________
Sinh (p qHy s ) Sinh [ p ^ H y ( l - s ) ]
To o b ta in  the Knight s h i f t  we must f in d  the f r e e  energy F,
s i nee
n
We d e f in e  a fu n c t io n  z (E )  as the inverse  Laplace t ra n s fo rm a t io n  o f  
the c l a s s i c a l  p a r t i t i o n  f u n c t io n
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where c is a p o s i t i v e  constant  chosen so tha t  a l l  the s i n g u l a r i t i e s  
of Z (y )  l i e  to the l e f t  o f  the l in e  ( c - i 00, c+ i°°) .  In terms o f  the 
fu n c t io n  z ( E ) ,  the f re e  energy is given by
For the paramagnetic terms, when we s u b s t i t u t e  Z^  (y)  fo r  Z (y )
in Eq. (2*+), the integrand is found to have a se r ie s  of  simple
poles along the imaginary ax is  w i th  a branch po in t  a t  y = 0. The
i n t e g r a l  is eva luated  by the method of residues around a closed
contour in the form o f  a large s e m i - c i r c l e  cover ing the l e f t  p o r t io n
of the complex y - p la n e  w i th  a cut along the negat ive  r e a l  ax is
such th a t  the whole contour does not pass through any o f  the poles
k lof the in tegrand.  Sondheimer and Wilson eva lua ted  such an 
i n t e g r a l  fo r  the magnetic s u s c e p t i b i l i t y  which fo l low s e x a c t ly  
the same behavior .  The r e s u l t  fo r  the o s c i l l a t o r y  p a r t  of  the 
paramagnetic Knight s h i f t  is
(25)
o
where f  = [1 + exp y(E -  £ ) ]  * is the Fermi fu n c t io n .
(26)
where
41/3 4 >V an (27)
These o s c i l l a t o r y  terms a r i s e  from the poles o f  Z (y) and
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are  a r e f l e c t i o n  o f  the f a c t  th a t  the d e n s i ty  o f  s ta te s  is an
o s c i l l a t o r y  f u n c t io n  of  -j|. The am pl i tude  of  the f i r s t  o s c i l l a t i o n
1/2is the most dominant o f  a l l  and increases as M
The on ly  s i g n i f i c a n t  c o n t r i b u t io n  to  the diamagnetic  p a r t  
o f  the o s c i l l a t o r y  Knight s h i f t  comes from the second p a r t  o f  
Z (Y ) .  Hence f o r  the purpose o f  c a l c u l a t i o n s ,  we can approx im ate ly
wr i te
*  m* V P  *  2 Y Cosh (u Hy)
Z (Y) = 8* (u H) --------------- ---------------
d °  n £jtf> °  Si nh(|i Hy)
x j  ds s ( l - s )  A~1/ 2 ( A - l f 3 / 2  l n [ A 1/ 2+ ( A - l ) 1 / 2 ] . (28 )
This i n t e g r a l  has a s e r ie s  o f  branch p o in ts  along the imaginary
•J.#
a x is  a t  ^ qHY ~ nrti,  n = 0,  ± 1, . . . in the complex y p l a n e .  To 
make the i n t e g r a l  s i n g l e  valued we make a s e r ie s  o f  cuts in the  
plane from each p o in t  niti to  p a r a l l e l  t o  the r e a l  ax is  [see  
Fig.  (1 9 )3 .  The contour is completed p r o p e r ly  so t h a t  the 
in tegrand does not  have any poles or s i n g u l a r i t i e s  w i t h i n  i t  and 
we need on ly  cons ider  the i n t e g r a ls  a long the loops e n c i r c l i n g  
the branch cu ts .  Denoting the loop e n c i r c l i n g  the branch p o in t  
M.qHy  = nui by cr , e . g . ,  ABCDE in Fig.  (19), we have from Eq. (2*+)
H*H E t /p *H  Z . ( t / p * H )
°  V -  <»>i a tn
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r * r B
Fig .  19
where t  = H^HY* o b ta in  the most important  o s c i l l a t o r y  term
i t  w i l l  be s u f f i c i e n t  to  know the va lue  o f  Z .  a t  t = nit i .  Fora
s i m p l i c i t y  we d e f ine
J ( t )  = [S inh t ] 1 / 2 J  ds s ( l - s ) A " 1/ 2 ( A - l ) " 3 / 2 l n [ A 1/ 2+ ( A - l ) 1 / 2 ]
o
For t = niti and 0 £ s £ 1 we can w r i t e
Sinh ts Sinh t ( l - s )  = |S in  nits | e2  i n it
and obta in
J ( t )  = “ p e 1^2 nit‘ J  d s [ s ( l - s ) ] ^ 2 | S i n nits
J ( t ) - - | . l / 8 n * '  l ( n )  ( 30)
20where I ( n )  may be eva lua ted  n u m er ica l ly .
Let us now consider the in t e g r a l  around a^(n ^ 0) in Eq. (29)  
and put t  = niti + x .  This in t e g r a l  becomes (o m it t in g  constants)
E 3 ExAioH m*niti (-=7r: -  “ ) , e Cosh(niti —  + x)
. V  2  dx-- r r r ------------x J (n x i+ x )
Snl 0 (Sinh x ) 3 / 2 (mti + x)
f o r  Sinh (nit i+x) = e niTI Sinh x- Since x is smal l ,  the above 
expression is approxim ate ly
7k
Let y = Ex then
2^ r  J \  dx
Ex/p.o 4
„ 3 / 2
o
r <f> r  f ; h
The above equ ation  is ,  th e re fo re
J ,
c i / o  /  i \ n  1 / \ *  m t iE /p 'H  .
-  ( - § - )  2 ..' ( " 1 C o s ( ^ ) e  °  (31)
H H ni ito
When t h is  is combined w i th  the corresponding term fo r  -n ,  we obt a i n  
the c o n t r i b u t i o n  to  from a l l  those branch points  w i th  n /  0
z . (E) = -  ( - SL- ; ) 3 /2  16« 1/S  la”  M HE1 /2  S  — LIq)
d 2 * * 2  °  n n -1 n
x Cos ( ^ r 2- )  S i n ^ )  . (32 )
The fre e  energy is ,  th e re fo re
F = 8 f d E  * d ( E ) | ^
where
f °  = [1  + e ^ 1" ^ ]
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F = - 2 ( 4 , 3 /S  16„ 1 /2  n * ^  H s  c o s ( S a L )*2  o N , n m2nn  n = l
1 /0  ntrF „Y(E-C)
x Y J1 dE E Si n (~ j t~)  v / e - c )  p ’
o n “ H [ 1+ e ^ ' ]
(33)
Thus we need to e v a lu a te  the i n te g r a l
03 , , i nitE/p H y (E-C)
,  -  J  «  E' / 2  e °  • W
20
This has been done by G lasser .  The r e s u l t ,  n eg lec t in g  terms of
order (y£) is
2 - 1 /2  Sin )
j 4 £----------------------------------------------■ (35)
^  Hy Sinh (n^ )O ft
1 c) FSince cr = -  — (—— ) we f i n a l l y  o b ta in  f o r  the diamagnetic
H N ^N=0
o s c i l l a t o r y  Knight s h i f t  the expression:
*  nn£
( - l ) n l ( n )  C o s (S a - )  S in f - ^ - 2 )
6 N * V  «  m n H
-  w  -------------------------------------------------1 ------------------------—  < 3 6 >
o "=1 S in h (S f— )
h QHY
which d i f f e r s  from Stephen's r e s u l t  by a f a c t o r  of  ( - 2 ) .
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The ampl itudes o f  the f i r s t  o s c i l l a t i o n s  would be the most 
dominant amongst a l l  the o s c i l l a t o r y  terms. In the approximat ion  
jt2kT— — < 1 which can be obta ined a t  low temperatures in the l iq u i d
Vi' H o
helium range and a t  moderate ly  high magnetic f i e l d s  o f  the order
If
o f  10 gauss, the amplitudes of the f i r s t  o s c i l l a t i o n s  a r e ,  from 
Eqs. (26 ) and (36 )
( a  \  ^  / o v 3 / 2  /m *  l.1 /2
(V i  “ v (r J ^  hr  o m
<37)
6 Nit p
(ad ) i "  vc , ( 1 ) ’ , ( 1 )  ~  ° ‘ 3 •o
_  I I IQ Vc
For t i n  where ^  I . 58XIO ergs , m ~  0 .1  mQ we have fo r  
k
H ~  10 gauss
( ° p>i ~  10" 3 (od ) i
N Co3 / 2  *  V Sand hence on ly  (<*.) ,  need be considered.  P u t t in g  -  = — r —r  (an J-5
°  1 V 3n2
we obta i n
5,1 /2  ,f2 , 3 / 2
•*; co «<» <38)nfi
which is independent o f  both the magnetic f i e l d  and the temperature.  
A numerical  es t im ate  shows th a t  we can have a t  best ~  6.8X10
on tak ing  in to  account the demagnet izing f a c t o r  (d ^  g)* This is 
about one-seventh o f  the observed ampl itude.
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0. G las ser 's  Theory:
g
In the n e a r ly  f r e e  e l e c t r o n  approximat ion,  Glasser  obtained
an expression fo r  the o s c i l l a t i n g  p a r t  of  the Knight s h i f t  by 
expanding the f re e  energy, by thermodynamic p e r t u r b a t io n  theory,  
in powers of  the l a t t i c e  p o t e n t i a l
where K is the r e c ip r o c a l  l a t t i c e  v e c to r .  The v a l i d i t y  o f  the
c a l c u l a t io n s  is l im i t e d  on ly  to  two regions o f  magnetic f i e l d s :
(1) weak f i e l d s  where p. H «  V.., £ >:> V.,, (2)  very  high f i e l d sO K  K
where p H Vv, £ »  Mu . An a d d i t io n a l  c o n d i t io n  to  be s a t i s f i e do iv tv
is K /  2 Kp where Kp. is the radius of  the u nd er ly ing  f re e  e le c t r o n  
sphere. This corresponds to  the usual breakdown of  the n ear ly  
f re e  e le c t r o n  approximat ion.  For moderate f i e l d  s t rengths  only  
the steady behavior  is obta ined .  O s c i l l a t o r y  behavior  is obtained  
only  a t  high magnetic f i e l d s  where the Zeeman energy exceeds the 
l a r g e s t  energy gap. In th is  c a l c u l a t i o n  no s p i n - o r b i t  e f f e c t s  
are  considered and on ly  the Fermi con tac t  h yp er f in e  i n t e r a c t i o n  
is included in the Hamil ton ian .
We consider  a system o f  N n o n - i n t e r a c t in g  e le c t r o n s  moving 
in a weak p o t e n t i a l  V ( r ) ,  which occupies a large  volume in the 
presence o f  a nuc lear  magnetic moment p , o r ie n te d  along an 
e x t e r n a l  f i e l d  represented by the vec tor  p o t e n t i a l  A = ( - H ^ ,0 0 ) .  
Each e l e c t r o n  is accordingly described by the Hamil tonian
( 1)
(2 )
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whe re
and
is the Fermi contac t  p a r t  of  the hyp er f ine  in te r a c t i o n .
In ^  the opera tor  Sz commutes wi t h  and the c o e f f i c i e n t
o f  S is a constant .  Hence i t  fo l low s th a t  S is conserved and z z
a lso  the spin and coord ina te  v a r ia b le s  a re  separable .  can be 
wr i t te n  as
\  = : k K  + f v >2 + ^  + ^  + ^ 0 H s 2 . ( 3 )
The e ig en s ta tes  of are the f re e  e l e c t r o n  Landau leve ls  
< r | \ > =  ( r / k x , n, kz> o>
- 1/ 2 (11- T1 ) 2 i (k x + k z)
= Mn e °  Hn (T)-Tlo) e  *  z X(J (M
, _ ,eH , 1 / 2  „ , e H , l / 2 , ,eH > 1 A  „ - l / 3 ,„n+ l  , , - 1 / 2
where T] = (^J“ ) V, \  = -  ( ^ )  l y  = f e )  «  (2 n l )  ,
Hn = n Hermite polynomial and = ± l )  a re  spin s t a te s .  The
corresponding eigen values are
ft2k 2
h  ~ Eo (n’ kz> = 2 ^ o H(n + 2 * *  " a i f -  + ^oHa • (5)
To e v a lu a te  the f re e  energy we req u i re  the expansion of  the p a r t i t i o n  
funct  i on
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-YCKj_+K+V(r)
Z ( Y ) = T r { e - ^ } = T r C e r ^  -  } ,
to  second order in V ( r )  and f i r s t  order in  K  which can co n ven ien t ly-  n
iig
be obtained by using Schwinger t race  formula
T r [ e Y A^+B^} = T r { e " VA} -  y  TrtB e"YA}
+ Y E Tr(B e"YA J dYj • • -J - - B(y L)3 (6)
n=2 o o
—y A v Awhere B(y) = e B e .  Carry ing th is  out to t h i r d  order ,  we 
f in d  th a t  the re le v a n t  terms are
- y K  , p j - y K  ( 1- u )  - y ^ u
Z(y )  =“ [ T r [ e  |  y 2 T r {J  du V ( r ) e  L  v ( r ) e  1  ] ]
o
- y \  p l -Y { l -u)5C -y^K.
-  y Tr{5C e ] + y T r { [  du K e  V ( r ) e  }n J n
 ^ r r.1 nu l - y t l - u j K  - y ( u , - u  ) K  "VuJC
- Y 3 T r j X j  du, J du e V ( r ) e  2 V ( r ) e  2 V } (7 )
o o
+ . . . , where the v a r i a b l e  o f  in te g r a t io n  has been changed to
Y j = Yu.
Za (v) + Zn (0) (v) + Zn( 1 ) (v) + Zn (s) (v)
Zp(y)  'S independent o f  5C and gives r i s e  to  n o n -o s c i1 l a t o r y
50magnetic s u s c e p t i b i l i t y .  I t  w i l l  not be considered here. We
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f  i r s t  c a l c u l a t e
Z ^ ( y )  = ~ H U  Y T r { 6 ( r )S  e n 3 o n  z
I f  we use Landau s ta te s  Eq. (4) to e v a lu a te  the t ra c e s ,  we ob ta in  
f o r  any ope ra to r  A
- \ A C  00  00  1 CO
5 = - L2 ^ ) 1 /S  E  I  dk E  3 T 7  r
8n a -  2 n=0 2 nl -»
- y e
x M(k nk cj|A)e (n, k ) (8 )A A 2
where
- 1 /2 ( 1 > H ) 2 - l ( k x + k z > -  -1/201-TL)2
M = Jd r e °  Hn<T1-H0 )e x 2 Ae 0
i (k x+k z )
Hn (1|- V e X '
where a summation over spin indices is implied in the in t e g r a t i o n  
in M. The c a l c u l a t i o n  o f  f r e e  energy is r e f e r r e d  to  u n i t  volume. 
S u b s t i t u t in g  A = Sz 6 ( r ) and not ing  t h a t  the e igen values of  $z 
are  ^  o (a = ± 1) between the spin s t a te s  we g e t ,  because o f
the 6- func t ion
-T j2
M(kx n kza | S z 6 ( r ) )  = “  a e °  H ^ - T y  . (9)
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P u t t in g  t h is  in to  Eq. (8 ) gives
QO CO- Y ^  , 1 /2
Tr{Sz6 ( r ) e S j d k  J d k
8 i r c  “ : i ' '  ct - 00 x  -oo z
* 2k 2
GO o " Y l2  ^ H<n + ^ ) + — 7ZT  + U Ha}
x £  — J -  ^  a e °H2 (-T| ) e °  2 an o
n=0 2nn.' 2
The kz in te g r a t io n  is
J  dk
* 2 k 2 
-Y 2
-  CO
2m 2m :t
z 6 “ 2yfi
Then
l on^u 1 /2  „  - U  Ho
Tr{s 6 ( r )e  X } = - L ( 3 K | )  s f e  °
Bit y c ^ ci d
o00 00 r,C’
X
i “"H o “2y^ Hn -YU H
^  - 5 ,  ‘  ^  °  *  °  • < „ )
k oHy - h o hy
i + e 
n-summation we use the r e l a t i o n
j  * ■ | I I J
The a-sum is —(e ) = Cosh HqHy • To c a r ry  the
^  1 - 1/ 2 (x2+v2 ) .. / / x -no
Z  F S T  e Hn(x)Hn(y)e
n=u
- 1 / 2 ,  y l / 2  a / 2  4 C ( x +y ) 2 t a n h ( f )  + ( x - y ) 2Coth ( | ) }
= 2 (Cosech or) e e • (11)
Putt  i ng
O' = 2V \1 H o
*  = y = \ \ \  -  ( $ 1 /2  kx
and using
™ 2 . /  « v1 /2c -cm d = ( —)J e n '  ce7
we f i n a l l y  have
The f re e  energy is given by
i c+i°° o r F _ NC = $  = _ J  s” Z (s )  e ds, c > 0
C I
and the Knight s h i f t  by
From Eq. {12) we o b ta in  fo r  the thermodynamic p o t e n t i a l
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-  ( 0 ) , .  \  8 j i  ,  m 1 / 2  ,  x
n M  = ~  • 0 8 )
(0) r 1/2,b  w eHw an>1/2
n ^  ^ n >  W  0 3 )
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and correspondingly  fo r  the Knight s h i f t
a  (0)  = 2 f  X D M
P 3 P
where is the f r e e  e l e c t r o n  spin  s u s c e p t i b i l i t y .  Thus
gives the Knight s h i f t  fo r  f re e  e le c t ro n s  since ( | ^ p ( 0 ) |  ) = 1 in
th is  case.
To app ly  a f i r s t  order c o r r e c t io n  to  ° p ^  ^  eva lu a te
/ n  o 1 - y ( i - u ) a c  -yuK. 
z n ( J (y) = y  T r [ J  du 3Cn e X  V ( r ) e
o
2 1 00 " 1/2  Y . eH J du L  f dk dk 'dk  d k 1 L  (2 nn., 2n , n ' I )
^ n c  o c r ,  a 1 - 0D X x 2 2 n ,n '
- y u E _ (n ,k  ) - Y ( l - u ) E *  ( n ' , k ' )
x MjM2 e e ( 15)
where
M 1& ,  , r ,3 - i / a n - i y 2
Mi = T  W  J  d r e e
i [ ( k ' - k  ) x + ( k ' - k  ) z ]  
x e X X 2 2  Hn (Tl-Tjo ) H ; a i - T ^ ) 6 ( r )
- 1 / 2 ( 1 1 2 +T1 '2 )
■if2 |i p a '  e 0 0  H (—T| ) H' ( -1) ' )3 o n n o n  o
M2 = f  VK J’d 3 r e
1/2(11-11 ) 2 - 1 /2 0 1 - T I ' ) 2 i C (k - k ' ) x + ( k  - k ' ) z ]  O O X X  z z
- 1 / 2 [ ( T H 1  ) 2+Ol-Tl! ) 2 ~ i K y
I  d y e  °  0 H (Tl-Tl )H'  ( T H l ' ) e y .7 n o n o
The o } o '  sums give 2 Cosh yu Sinh y ( l - u )  H H. The n, n' 
sums give
2(Sinh 2yu h-oH Sinh 2Y ( I - u Ji-l^ H) e x p ( -  ^ [ l ] 2 (Coth y p.QH +
Coth y ( l - u ) | i oH)+(T]-2T)o ) 2 tanh Yu M.QH+(l | -2T|^)^tanh y { 1 - uJi-l^hD3■
The k^ in t e g r a ls  give
( a . , I / 2  - ^ u <1- u>Kz 2
The k , k 1 i n te g r a ls  give
X  X
,2 B2 , 2„2„ , „ _2,
e H j u l / 2 , . , ^ - 1 / 2  _Kx M B  : X Kx B (A+B)
hy'
where A = tanh yu ^ 0 H, B = tanh y(1-u)m.qH
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F i n a l l y  the y in te g r a t io n  gives
X2 Kv2
« c *  , 1 /2  " T f l fpf  ___ )
eH (C+D)
where c = Coth yu p. H, D = Coth y ( l - u ) n QH. Pu t t in g  a l l  t h is  
together  leads to the r e s u l t ,  a f t e r  a g rea t  deal of  s i m p l i f i c a t i o n ,
Zn ( 1) <Y) = - V 3/ 2 @ ( a f ) 1 / S ( ^ !!) £ V k j ’ du F(u)
ft K ~  o
- y u ( 1 - u ) e . . (K) - [ e  , (K ) / m. H ] f  (u)
x e  11 e °  ( 16)
where
* 2 k s  »2 (k 2+k 2 )
« n ®  -  ~ s r  * ‘ i ®  = — ’
and
F(u)  = 1 + Cosech y m-qH Sinh y h qH ( 1 - 2 u ) ,
f  (u) = ■- Cosech y p QH[Cosh y p qH -  Cosh y p q H ( 1 - 2 u ) ]  .
Changing the v a r i a b l e  o f  in t e g r a t i o n  to S = l -2 u  we f in d  t h a t  the 
second term coming from F (u ) vanishes by symmetry and we are  l e f t  
wi th
Zn ( 1 ) ( y )  = y3 / S 0 (SB ) l /2 (! ^ ) z  ^  g ( ^ y ) j  ( 1 7 )
 ^ K -rw
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where
G (K ,v )=exp{ -  J  ^CejJ(K)/| ioH]Coth YP0 H)
1 Y 2
x J ds e x p { f  e . j f K j s  + [  H ]Cosech y  p. Hs) .
o o
As can e a s i l y  be seen from th is  expression,  the f i r s t  order  
c o n t r ib u t io n  to  the p a r t i t i o n  fu n c t io n ,  Z ^ ( y ) ,  has s i n g u l a r i t i e s  
along the imaginary ax is  in the complex y -p lan e  and, t h e r e fo r e ,  
gives r i s e  to the o s c i l l a t o r y  terms in the f re e  energy. For 
s i m p l i c i t y  we assume th a t  V ( r )  has only  Four ier  components w i th  
wave vectors  perpend icu la r  to  the magnetic f i e l d .  Then, in troducing  
the n o ta t io n
X = C/pqH, b = e ( K ) /p oH,
the f i r s t  order  c o n t r ib u t io n  to  the f re e  energy may be w r i t t e n  as,  
on re p lac in g  s by s / p qH,
*  ( ! )  1 PC+|0D " 2 7 U )  t \   ^ > n0 = -  — r  s Z ( s ) e ds , c > 0n 2iti J . n 1c -  i °°
= ( *^ . , (m /S * * a ) 3 /2  H H] 2  VK I (K) ;
h  o 3 o n  o ^ K - ( 18)
c+ j °° 1
2rti I (K) = J* ds J du s exp[Xs+b Csch s(Cosh su-Cosh s ) ] .  
c -  i 00 o
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By the mean va lue theorem
1
J  du exp[b Csch s Cosh su] = exp[b Csch s Cosh suq] ,
o
where 0 < Uq ( s ) < I .  The s i n g u l a r i t i e s  a t  s = kiti a re  th e re fo re
e s s e n t ia l ;  however, except a t  s = 0, the integrand vanishes i f  they
are  approached in the r ig h t  h a l f - p l a n e ,  as may be seen by expanding
the exp onent ia l  about one of  these po in ts .  Consequently,  the s
contour may be taken to  l i e  along the imaginary ax is  (the
remaining s i n g u l a r i t y  a t  the o r i g i n  is in t e g r a b l e ) .  We d iv id e
I (K )  in to  two parts  I = I q + 1^  where l j  is the in te g r a l  from
s = - x i  to  s -  iti and I is the r e s t .  We f u r th e r  break up Io r  o
in to  a sum o f  in te g r a ls  from kiti t o  ( k + l ) n i ,  ( M  - 1, 0 ) ,  and by 
means of  the s u b s t i t u t i o n  s -* i (kit+s) we f in d  tha t
The s u b s t i t u t i o n  s i (k^+s) puts the u- i n te g ra t  i on in proper  
form f o r  i t  to  be eva lua ted  by the method of  s t a t io n a r y  phase 
which is concerned w i t h  i n te g r a ls  o f  the form
o o
k ^ - 1,0
x exp{ i A.s-i b { - 1 ) k Csc s[Cos u ( s + k j t ) - ( - 1)^Cos s ] } .  (19)
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where b is la rge  and p o s i t i v e  and f { u )  is r e a l  along the contour  
c. Unless f ' (u) = 0,  the c o n t r ib u t io n s  to  the i n te g r a l  from the 
neighborhood of  u w i l l  l a r g e l y  cancel because of the r a p id ly
* I r  /  \
o s c i l l a t i n g  chara c te r  of  e '  . Thus one looks only fo r  the
points along the contour where f 1(u) = 0 .
The u - i n t e g r a t i o n  is
1
Uk (s) = J  du exp [ i  b h ^ ( s , u ) ] ; 
o
k+ \
where h ^ (s ,u )  = ( - 1 )  Csc s Cos u(s+krt) ,  and b is a t  l e a s t  of  
4
the order o f  10 or h igher .  Then, from the method o f  s t a t io n a r y  
phase, we have
Pir 1 /2
Uk ( s ) = S j [ - ^ | h ^ ( s , U j ) | ]  e j  e x p [ i b h k ( s , U j )  +
£  i it Sgn hk ( s , U j ) ]  + 0 (b 1) .
The sum is over the roots of  hk ( s ,u )  = 0 which l i e  in the range
of  in te g r a t io n  and ej  is ^  or 1 according as u  ^ is an end point
or not.  Now, h ' ( s , u )  = 0 has the roots u. = j r t / (s+kr t )  fo r  which 
K J
hk ( s , U j )  = ( - l )^ +k+1 Csc s,
h ! ' ( s , u . )  = ( - l ) ^ +k (s+krt) 2 Csc s, 
k J
and i t  is c l e a r ,  by inspec t ion ,  tha t  j  = 0 , 1, .  . . ,  k f o r  k >  0
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and | j 1 = 0 , 1 , .  . |k |  — 1 f o r  k < 0.  Also eQ = ^  on ly .  In th is
way we ob ta In
o_. p  1 /2  .
Uk (s) ~  (sgn k ) [ — (s+k*)  ] ( -  + k Re )exp[-^  -  ib Csc s ] ,  (20)
where Re denotes the r e a l  p a r t .  I n s e r t in g  Eq. (20) in to  Eq. (19)*  
we f In d
00
2(2irb) lQ “  2'expL iXkjr + Sgn k] (sgn k ) { e ' (k+1)
1 /2  , ^ , , - 3 /S  ib 9 l (5)eJ ds(Sin  s) |s + kn|
o
♦ . - ' * A  k J^ds (Si n s ) 1 /S |s +k * f 3 ' 2 e ‘ b 9 s ( S ) } ,  <2 1)
J
where g  ^ ( s ) = — as + cot  s + (“ 1)^ Csc s, and a = l fC /e (K) .  Now 
in the second in t e g r a l  rep lac in g  s by (n~s) and in the corresponding  
term in the sum over k rep lac ing  k by - ( k + 1) which preserves the 
c o n d i t io n  k ^ “ 1* 0; we ob ta in
1 /P
(2nb) I = Re £  exp[ i^kjr+(1+sgn k)it i  A ]  (k+1)  
°  k A l *0
l/o - i / o  ib9i(s)
(sgn k) J  ds (Sin s) ( s+krc|  ^ e
where a <  1* meaning th a t  the corresponding zone plane does not 
in te r s e c t  the Fermi sur face ,  g  ^( s ) has no s t a t io n a r y  p o in t  in the
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range o f  i n t e g r a t i o n .  The dominant c o n t r ib u t io n  to  the in t e g r a l  
in Eq. (21) comes, th e r e f o r e ,  from the neighborhood of  the o r i g i n
where g  ^ ( s ) ~  s. The in te g r a l  is thus o f  order b 3/ 2^ , which is
complete ly  n e g l i g i b l e  since b is very la rge .  When a > 1, on the 
other hand, 9 j ( s ) 'S s t a t io n a r y  a t  s = sq where
Cos sq = (2 -  a ) / a
9 l (so ) = 2 3 So " <a" 1 ) 1 /2  (22 )
9 l ' (So) = " 2 a (a _1 ) 1 /2  *
We f in d ,  again by the method of s t a t io n a r y  phase,
*  1 /2  - V P  1 b9i ( s )
J  ds (S in  s) |s + kir| e
[ 2i ] 1/ 2 ( | )  | s o+krt( 3 /2  e x p [ i b g 1 (sQ) -  £  j t i ] ,  
which gives
00
' o = f b  z  [ —  3 /g  Cos^ krt+bg i ( s G) +
°  aD k=l |so+kn| 1 °  4
+ ------------------------------------------------- )+ j rn ' ] } ,  (23)
l k3T~s0 l
where the symmetry o f  the two terms in the interchange of  sq and
-s is to  be observed,  o
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We next req u i re  l j  which may be w r i t t e n  
1 - 1 / P
it I ,  = I f ds f du s exp[Xs+b Csch s(Cosh su-Cosh s ) ] ,  (24)i m _i_ »c+ o
where I denotes the imaginary p a r t  and c+ is a path,  ly ing  in 
the r i g h t  hand s p lane,  from anywhere on the r e a l  a x is  to  n i . We 
now l e t
1
U = J‘ e x p [x h {s ,u ) ] d u ,  
o
where | X| = |b Csch s | 1 on c+ and h ( s ,u )  = Cosh su. Consider ing
U by the method of s teepest  descents,  we f in d  t h a t  u = 0 is a
j Q
saddle p o in t  o f  order u n i t y .  W r i t in g  s = o e and u = ot + i (3, i t  
is not d i f f i c u l t  to show th a t  the steepest  paths through th is  
p o in t ,  given by I h ( s ,u )  = 0, a re
p = ot tan ( * / 2  -  6 ) ,
p = -o' tan 9,
out of  which one can choose any one which is s u i t a b l e  f o r  the 
purpose o f  i n t e g r a t i o n .  I f  we d i s t o r t  the u contour to  run 
along the former, we f in d  th a t
U ~  ^  i [ 2 * / | x | ] 1 /2  (eX/ s ) ,
and Eq. (2*0 becomes
(2nb) 1 /2  ~  Re J '  +ds s" 3 /2  |Sinh s | 1 /2  eb g ^ ,
c
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where g(s)  = ^  as -  Coth s + Csch s.  For a < 1, g 1 ( s ) = 0 has a
r e a l  p o s i t i v e  root  o given by Cosh = ( 2 - a ) / a  which may be
chosen as the end -po in t  of c+ , so t h is  term e x h ib i t s  only steady
behavior .  For a >  1, a = is . where s is described in Eq. ( 2 2 ) ,o o o
and in a d d i t io n  g ( i x )  = ig ^ t x ) .  The steepest  paths have zero  
slope on the imaginary s a x is ;  so d i s t o r t i n g  the contour to pass
h o r i z o n t a l l y  through s = i s , we f in d
J  ds |S inh s | 1 /2  s' 3 /2  eb9(s )
+c
a So 3 / 2  ^ b ^ 1 /2  e* p [  < bg2 (sQ) “ 3i J tA ] ,
and
I j =“ [ 2 /ab  s / 2 ] CosCbg1(sQ) + - i t ] .  (25 )
Combining Eqs. ( 1 8 ) ,  (2 3 ) and (25) we f in d  t h a t ,  fo r  a(K)  > 1, the 
o s c i l l a t o r y  p a r t  o f  is given by
= P^ (m/ 2rt i^2 ) ]  L  (V / £ ) [ s  3 / 2Cos[jt5 Ai H+irA]
n 2 0 3 0  K 0 0
2  { ------ ^ ~ H / o  Cos[jtS^/m. H+ it A ]  +
k=l |k*+s | 3 /2  k 0
£k‘ ?Lo  Cos[itS"A H + « A ] } ] ,  (26)R O|k n -s o |3 / 2
where 5o = 2« e ^ 9 l (so J and ^  = kC ± 50 *
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To discuss the o s c i l l a t o r y  e f f e c t s ,  we requ ire  an i n t e r p r e t a t i o n  
of  Eq. (26 ) .  This is e a s i l y  obta ined w i th  re ference to  Fig.  ( 2 0 ) .
We f in d  from Eq. ( 2 2 ) ,
r  2 1 1+Cos So 1 K2Cos -  s  ------   u = - =  r r ~  = —
2 0 2 a 1*C l(k 2 '
Cos g So = an  ^ s0 may be i d e n t i f i e d  as the angular  a p e r tu re
o f  the o ver lap ,  or lens, sur face  as seen from the cen ter  of the  
zone. The area of  the lens is
a i c * \ K a f 2 /  . \ l / 2 \Al  -  kF (so -  S.n 5o ) = —  (so -  - ( a - 1) )
1 |.2 r 1 / | \ 1/ 2-1 1 „2 / \
= 2 K [ 2a 5o ■ (a_1)  ]  = 2 K 9 l (so )
Consequently,  the frequency f  o f  the o s c i l l a t i o n  corresponding
to the e f f e c t i v e  Fermi le v e l  5 , is given by (fic/2ite)A^, and
the o s c i l l a t i o n  may be i d e n t i f i e d  as due to the lens o r b i t .  The
o s c i l l a t i o n  in is due to  an e le c t r o n  making k c i r c u i t s  o f  the
Fermi sphere before tunne l ing  to  the lens,  and the o s c i l l a t i o n
in corresponds to an e l e c t r o n  c i r c l i n g  the Fermi sphere
( k - l )  t imes and then fo l lo w in g  the dumbbell o r b i t  which is a
poss ib le  o r b i t  according to  Fig.  (20 ) .  The g ia n t  o r b i t  o s c i l l a t i o n
a ls o  occurs, but i t s  ampl itude is sm al le r  than the o thers  by a 
4
f a c t o r  of  10 . To ob ta in  o s c i l l a t i o n s  corresponding to more 
compl icated o r b i t s ,  as w e l l  as the de Haas van-Alphen o s c i l l a t i o n  
when a(K)  <  1, requ ires  going to higher  order in V ( r ) .
9*+
F ig .  20
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I t  is c l e a r  th a t  in f i r s t  order ,  the o s c i l l a t o r y  behavior  
is dominated by the lens o r b i t  o s c i l l a t i o n  f o r  which we have
amp amp
r  “ c(H=0)  '  8 n
3 *P
^  1 /2  
K 3 h2 }
6 ( „ u H > 1 / 2  8(n H)1 /2
r = ----------   =  2---------- (27)
8(C s ) 3' 2 8 * (C 0 )3 /2
where 6 is the band gap corresponding to the zone boundary across 
which o ver lap  occurs, and it9 is the angular  e x te n t  of  the overlapped
p o r t io n  of  the e l e c t r o n  sphere, as measured from i t s  ce n te r .
ica l  values (
- 3 / 2  „ , „ - 5
~k
Taking t y p i o f  6 =** 0 .1  eV, m.qH =“ 10 eV, Q ^  10 eV, we
f in d  r 01 s x 10 . The e f f e c t  w i l l  c l e a r l y  be dominated byo '
the o s c i l l a t i o n  f o r  the zone plane which has the sm al les t  o ve r lap ,  
and thus the sm al les t  va lue  of  s . An over lap  sur face  subtending  
an angle  of  a few degrees, which is not unreasonable to  expect
in  t i n ,  would g ive an r o f  the observed magnitude. I t  is to  be
1/2noticed t h a t  the am pl i tude o f  the o s c i l l a t i o n s  grows as H 
w ith  the increase o f  the magnetic f i e l d  H.
E. Theory o f  Dolgopolov and B y s t r ik :
The Hamil ton ian of the i n t e r a c t i o n  between the nucleus 
and the s - ty p e  conduction e le c t r o n s  in an e x t e r n a l  magnetic f i e l d
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H in the z - d i r e c t i o n  can be w r i t t e n  as:
K «  9 H0 ! ZH -  9 • S t ; k6 ( r k ) (1)
where p = g pi I i s the magnetic moment o f  the nucleus, and p., n o k
this the magnetic moment of the k conduct ion e le c t r o n ;  p q = nuclear  
magneton, I = nuc lear  sp in ,  g = g - f a c t o r .  The summation is 
over a l l  the conduction e le c t r o n s .  Consider ing t h a t  the magnetic  
moment of the e le c t ro n s  is neg at ive ,  the exp ec ta t io n  value o f  
the Hami l ton ian  can be w r i t t e n  as
E = -g  p m H + p g p m. L  |i|r. ( 0 ) | 2m , (2)m 3 o t 3 o ,  1 k '  1 sk ' 'J k
where m. = ( l  ) ,  m = (S ) ,  | (0)  | ^ is the p r o b a b i l i t y  dens i ty
I Z  S Z  K
t ho f  the k conduction e l e c t r o n  a t  the s i t e  o f  the nucleus, and 
p is the Bohr magneton. One may w r i t e
E = -g  p m.H (1 + ct) m 3 o I
where a,  the Knight s h i f t  is
o - i f f 2 U k (0 ) | 2 ( - „ sk). (3)
For f re e  e le c t ro n s  in a uni form magnetic f i e l d  one can w r i t e  for  
the wave func t io n
\ (r (x ,y ,z )  = X(y)  exp[*J-(xp + zp ) ]
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7 “  V p (y + K + zpz ) / ' ,]
1 3  z
CO
12J k ( y ) |  dy = 1
where Lj and are the dimensions of  the sample in the d i r e c t i o n
o f  x and z axes. The number o f  s ta tes  in the i n t e r v a l  Ap Ap f o rr x ^ z
a given va lue o f  the quantum number n and a given d i r e c t i o n  of  
the spin is,  in the s e m i -c la s s ic a l  approximat ion,  equal to
( 2 n * )  2  LjL^ Apx Apz -
By t ransforming in Eq. (3 ) from a summation over conduction  
e lec t ro n s  to a summation over a l l  poss ib le  s ta tes  of  an in d iv id u a l  
e le c t r o n  and l e t t i n g  Lj and go to  i n f i n i t y ,  one may replace  
the sum over the poss ib le  values o f  p and p by an i n t e g r a l .  Then
X  z
1 00  CO E (p ) -  €
a = L  (-ms) E J dpz ----- ) (**)
3itcfi spin n=0 - 00
X B 1
where f ( x )  = (e + 1 )  is the Fermi d i s t r i b u t i o n  fu nc t io n ,
€ = C ^  PH, C = chemical p o t e n t i a l ,  k = Boltzmann constant  and 
T = abso lu te  temperature. Equation ( k )  may be w r i t t e n  as
00
CT = 2  cp(n) •
3ncft spin n=0
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51Using Poisson's summation formula ,  t h is  could be w r i t t e n  as
00
a -  ^  £  {-m ) { ^  cp(0 )+ J* cp(n)dn
3itc i^ spin  o
00  GO
+ 2 S  J <p(n) Cos 2itkn dn} . (5 )
k= l  o
The dependence of  the energy o f  a q u a s i - p a r t i c l e  in the magnetic  
f i e l d  on the quantum number n has, in the s e m i - c la s s i c a 1 approx i ­
mat ion, the form
S(E,p ) = (n + y )  2iteH t i / c ,  (0 <  y <  1 ) (6 )
where, f o r  the case o f  a q u a d ra t ic  d ispers ion  law, y = “ • Thus, 
in as much as y ^  f o r  the case o f  a f r e e  e l e c t r o n ,  Eq. (5 ) can 
be wr i t t e n  as
. 00  CO CO
o = ^ 2  ^  ( -ms ) tJ* 1 <p(n)dn + 2 Re £  J j  dncp(n)
3nch  sp in  S - -  k=l - -
where Re denotes the r e a l  p a r t .  W r i t in g  kT = 0, f o r  the sake of  
c l a r i t y ,  we have
00 00 E -  e
o = dn J* dPz f (— e ~ )
3 * c *  sp in  *
+ 2 Re E  j ” dn f d p  (?)
k-1  - g
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Since, from Eq. (6 )
dn _ c dS 
dE " 2neH* dE
we have
3ncn spin  o s>0
+ 2 Re Z  J dE f ( ^ p )  J  dpz | |  e x p [ ^ |  S(E,pz ) -  2j r ik y ] } .  (8 )
The f i r s t  term in the c u r l y  brackets is
rE-evdU
where
u = ;  s ( e , p )dP.
E>0 Z z
is the volume bounded by the surface o f  constant  energy E in 
momentum space. W r i t in g  J j  = J ^ e )  = J^C^P H) ,  we have
a j , ( C )J1 = Jj(C) =F PH — + . . . ,
since pH «  C* Now fo r  0 «  £ ,  one can w r i t e
Ji<c) = /  dEl
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which implies
au(c)  
sc sc *
There fore ,
J l  =
Hence, f o r  the Knight s h i f t  caused by the f i r s t  term in Eq. (8 ) ,  
we have
„  _ Ss s  2 a u (Q
p 3 ( a t * ) 3 ac
<9 )
where is the paramagnetic s u s c e p t i b i l i t y .  The second term 
in Eq. (8 ) describes the diamagnetic  p a r t  of  the Knight 
s h i f t .  This is
“ a = J t h : <'" '= ) Re S ,  J1 dE f(I?)spin k=l  o
x J1 dpz H exp[i^ s(E’pz) •s>0
This i n t e g r a l  occurs in the o s c i l l a t o r y  p a r t  o f  the magnetic
22s u s c e p t i b i l i t y  and has been eva lua ted  by L i f s h i t z  and Kosevich.
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We w r i t e  the r e s u l t
„  -  J ^ (2 lt)- l / 2 (e i ) 3 / 2  Hl / S  r ( . m )  I  i M L  f S U ’ P^  ' U S
d -  *3 c '  . '  s '  . . 3 /2  1 *  2  13jt*  spin k=l kJ d p  m
where
x s i n f e  V e ) " 2l tkY *  f *  (10)
+ (kX) = —   , X - irckT BSm(e)
c . , % eHX deSin kA
and is the area of the extremal  c r o s s -s e c t io n .  To accomplish  
the sum over spin we expand Sm( e) in the argument of the Sine  
func t io n  in powers o f  pH, l i m i t i n g  the expansion to terms o f  the 
f  i r s t  order .
as (c) .
s m(c) -  Sm(C) T @H ac ,
in the remaining c o e f f i c i e n t s  we can rep lace  e w i th  Cq, the
chemical p o t e n t i a l  in the absence of  the magnetic f i e l d .  The
f i n a l  expression fo r  the o s c i l l a t o r y  Knight s h i f t  is
_ 8g / «  } - l / 2 fe 3 /2  l / 2 , d 2 S, " 1 /2  ”  k ^ o ^
osc -  3n W  H £  k3 /2  C0! [ a . 0 ac0 ]
x S in [^H* Sm(Co) '  0 l )
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From th is  i t  fo l lows th a t  the ampl itude of the o s c i l l a t i o n s  in
1/2the Knight s h i f t  grows as H . I n  order  to es t im a te  the order  
of magnitude of  the ampl itude of the Knight s h i f t  o s c i l l a t i o n s ,
we compare Eq. (11) w i t h  the expression fo r  the o s c i l l a t o r y
. 22 magnet izat i  on
- ■ 5 /P b V P  l / P . d2s(C' P z ) , ' 1/£!. d5m K ) . ' 1
Mosc '  W 3/ \ K > h / g | -  g— lm l - f j - l
dpz
x 2  i M l  Si n[~n^ sm(C) *  £  - 2jtky]Cos[— ------- — ]
k= l  k 3 /2  eH* k  SC
( 12)
and obta in
« dS (C) 11
rr a "1 OSC,
OSC 3 d£ s'” (c)m
Since the o s c i l l a t i o n s  of  magnetic s u s c e p t i b i l i t y  are  o f  the order  
of the magnetic s u s c e p t i b i l i t y  i t s e l f ,  one may w r i t e  Mqsc X^H. 
Then
a -  pH — ~ —  T ~ 7 7 \ °osc M bQ S (c)  pm
“ ^ V  <‘3)
-? 0  U
For p =“ 10 erg /gauss,  H =“ 10 gauss, and fo r  t i n  Q =*■ I .58  x
“ 11
10 erg,  cr^  7 .5  x 10 , we have from Eq. ( 13)
a =“ 10 ^
osc
which is sm al le r  by a f a c to r  o f  about 400 compared to the 
observed ampl itude.
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